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Abstract.: Collateralizeddebtobligatons(CDOs)constituteanimportantsubclassof assetbackedsecuri-
ties. Theevaluationof CDOsrelieson mathematicalmodelingandon simulationaswell asanalyticand
semi-analyticapproaches,dependingon theunderlyingassetpool andthecash�o w structureof thetrans-
action.This paperis anintroductorysurvey on CDO modeling.It startswith a `mini course'on theuseof
CDOsascapitalmarket instruments,explainssimulationandanalyticapproachesfor evaluatingCDOsand
considersthenotionof PD,EL andLGD of CDOtranches.
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1 Intr oductory Remark

A mainmotivation for writing this survey paperon CDO modelingwasan invitation to give the
closing talk at the Autumn Schoolon Risk Management(September29 - October02, 2003 in
Herrsching/Ammersee)of theMunichUniversityof Technology. Theaimof thetalk wasto givea
brief andself-containedintroductionto CDOsasstructured�nance instrumentsfrom amathemat-
ical modelingpoint of view. Theslidesof thetalk (althoughnot all of thetopicsdiscussedin this
paperfoundtheirwayontothem)canbedownloadedat theAutumnSchool'swebsite

www.mathematik.tu-muenchen.de/gkaam/AutumnSchool/index.html

Thepaperis dividedin two parts.Sections2 and3 arewritten in proseandcanbeconsideredas
a very brief andself-contained̀mini introduction' to CDOsascapitalmarket instruments.Sec-
tions 4 and5 presentsomeideasregardingthe mathematicsof CDOs. Readersonly interested
in the applicationof mathematicalconceptsto structured�nance problemscansafelyomit Sec-
tion 2. However, my hopeis that readerswithout any experiencein CDOsbut interestedin their
functionalityandapplicationswill �nd Sections2 and3 useful.

A referencefor readersinterestedin diving deeperinto themathematicsof CDOmodelingis [14],
wherea muchmoredetailledandmathematicallymore rigorouscoursein CDO modelingwill
hopefullysoonbe`ripe' for publication.

2 Four goodreasonsfor CDO business

CDOissuanceshoweda remarkablegrowth duringrecentyears.Althoughthisgrowth hasslowed
down in 2003dueto adif�cult economicenvironment,it canbeexpectedthatthegrowth of CDO
issuancewill continueover thenext years.

Whatpeoplenot involvedin CDOstypically askis thefollowing question:Whatmakesthis asset
classso successfulin the structured�nance market, and why are peoplestill consideringnew
variationsof the schemewith unbroken enthusiasm?It is the purposeof the next four sections
to outlineananswerto this question.Besidesthefour motivationssummarizedin thesequel,tax
andlegal arbitrageplay animportantrole in CDO structuring.Becausethey arenot describedby
mathematics,theseaspectsarenot consideredin thispaper.

In thefollowing we will look at two `real life' examplesandone`illustrative' example.The �rst
two examplesrefer to transactionsdoneby membersof HypoVereinsbank(HVB) Group in the
pastninemonths.I havechosenthesetwo particularstructuresfrom avarietyof transactionsdone
by HVB becausethey nicely illustratetwo of the four mainmotivationsfor CDO issuance.Both
transactionsarepublic andthe readercan�nd moredetailsregardingthestructuresin thecorre-
spondingpresalereportsof theratingagencies.Obviously, our purposehereis not to discussthe
performanceor to disclosetheeconomicsof thesetransactionsbut ratherto usethemasexamples
for `goodreasons'why banksissueCDOs. Equivalently, onecouldhave usedpurely illustrative
examplesbasedon �ctitious transactions,asexercisedin Sections4 and5. However, thereis a
goodchancethatreaderswill �nd it interestingto seeat leastsomè real' examples.

Section2.1 is intendedto beanintroductory`warm-up'andthereforemorelengthythanthesub-
sequentpartsof this section.
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2.1 Moti vation 1: Spreadarbitrage opportunities

We begin this sectionby quotingsomepassagesfrom an article which appearedin the web at
www.FinanceAsia.com(writtenby RobDavies,March20,2003):

HVB AssetManagementAsia(HVBAM) hasbroughtto market the�rst everhybridcollateralized
debtobligation(CDO) managedby anAsiancollateralmanager. The deal,on which HVB Asia
(formerly known asHypoVereinsbankAsia) actedasleadmanagerandunderwriter, is backedby
120million of asset-backedsecuritizationbondsand880million of creditdefault swaps... Under
thestructureof thetransaction,ArtemusStrategic AsianCreditFundLimited - a specialpurpose
vehicleregisteredin theCaymanIslands- issued200million of bondsto purchasethe120million
of cashbondsanddeposit80 million into the guaranteedinvestmentcontract,provided by AIG
FinancialProducts.In addition,the issuerentersinto credit default swap agreementswith three
counterparties(BNPParibas,DeutscheBankandJPMorgan)with anotionalvalueof 880million.
On eachinterestpaymentdate,the issuer, afterpaymentsof certainseniorfeesandexpensesand
thesuperseniorswappremium,will usetheremaininginterestcollectionsfrom theGIC accounts,
thecashABS bonds,thehedgeagreements,andtheCDSpremiumsfrom theCDSto payinvestors
in the CDO transaction... The transactionwassplit into � ve tranches,including an unrated20
million junior pieceto be retainedby HVBAM. The 127million of A-classnoteshave triple-A
ratingsfrom Fitch, Moody's and S&P, the 20 million B-noteswere ratedAA/Aa2/AA, the 20
million C bondswereratedA/A2/A, while the 13 million of D noteshave ratingsof BBB/Baa2
andBBB.

Figure1: ArtemusStrategic AsianCreditFund
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Figure1 shows a structuraldiagramof the transaction.As mentionedin the quotationfrom Fi-
nanceAsiaabove,thethreemajorratingagenciesanalyzedthetransaction.Thereadercan�nd the
resultsof their analysisin thethreepresalereports[1], [2] and[3] of thetransaction.

We now want to look at the transactionin a moredetailledmanner. Herebywe focuson some
aspectsonly andtry to simplify thingsasmuchaspossible.For example,hedgeagreementson
interestratesandcurrencieswill beexcludedfrom ourdiscussion.

In thesequel,all amountsof money referto USD.

Liability sideof the structure

Theissuer(ArtemusStrategic AsianCreditFundLimited,anSPVatCayman,from now onshortly
called `Artemus') issued200mmof bonds,split in � ve tranchesre�ecting different risk-return
pro�les. Artemus(asprotectionbuyer)alsoenteredinto aCDSagreement(superseniorswap)ona
notionalamountof 800mmwith asuperseniorswapcounterparty. Suchcounterparties(protection
sellerson superseniorswaps)aretypically OECD-bankswith excellentcredit quality. Because
theliability sidehasafunded(200mmof notes)andanunfunded(800mmsuperseniorswap)part,
thetransactionis calledpartially funded.

Assetsideof the structure

Theproceedsof the200mmissuancehavebeeninvestedin aguaranteedinvestmentcontract(GIC
account;80mm in eligible collateralassets)andassetbacked securities(ABS bonds;120mm).
Additionally, theissuersoldprotectionona poolof nameswith anaggregatednotionalamountof
880mm.Becausetheassetsideconsistsof amixtureof debtsecuritiesandsyntheticassets(CDS),
the transactionis calledhybrid. Note that the GIC is kind of `risk-free' (AAA-rated securities,
cash-equivalent).

Settlementof credit events

If crediteventshappenonthe880mmCDSagreement(remember:Artemusis protectionseller),a
settlementwaterfall takesplaceasfollows.

� Proceedsfrom theGIC accountareusedby Artemusto make paymentson theCDSagree-
ment.

� If proceedsfrom theGIC arenotsuf�cient to cover losses,principalproceedsfrom thedebt
securitiesareusedto payfor losses.

� If lossesexceedthenotionalamountof theGIC andprincipalproceeds,thenABS securities
areliquidatedandproceedsfrom suchliquidationareusedfor paymentsonthe880mmCDS
agreement.

� Only if all of the above mentionedfundsarenot suf�cient for covering losses,the super
seniorswap will be drawn (remember:Artemusboughtprotectionfrom the supersenior
swapcounterparty).

Notethat(atstart)thevolumeof theGIC plusthesuperseniorswapnotionalamountexactlymatch
the 880mmCDS agreement,andthat the 120mmABS Securitiesplus the 880mmCDS volume
`asset-back'the1bntotal tranchevolumeon theliability side.However, thesecoverageequations
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referonly to principalandswapnotionalsoutstanding.But thereis muchmorecreditenhancement
in the structure,becauseadditionalto the settlementwaterfall, interestproceeds,mainly coming
from the premiumpaymentson the 880mmCDS agreementandfrom the ABS bonds,mitigate
lossesasexplainedin thefollowing section.

Distrib ution of proceeds

Principalproceeds(repayment/amortizationof debtsecurities)andinterestproceeds(incomeon
ABS bonds,theGIC, hedgeagreementsandpremiumfrom the880mmCDSagreement)aregen-
erally distributedsequentiallytop-down to thenoteholdersin theorderof their seniority. On top
of theinterestwaterfall, fees,hedgecostsandotherseniorexpensesandthesuperseniorswappre-
mium have to bepaid. Both,principalandinterestpaymentsaresubjectto changein casecertain
coveragetestarebroken.Therearetypically two typesof coveragetestsin suchstructures:

� Overcollateralizationtests(O/C) take carethat the available(principal) fundsin the struc-
ture aresuf�cient for a certain(over)coverage(encodedby O/C-ratiosgreaterthan100%)
regardingrepaymentsdueon theliability sideof thetransaction.

� Interestcoveragetests(I/C) make surethatany expensesandinterestpaymentsdueon the
liability sideof thestructureandduetoothercounterpartiesinvolved,e.g.,hedgecounterpar-
ties,are(over)covered(encodedby I/C-ratiosgreaterthan100%)by theremaining(interest)
fundsof thetransaction.

If a testis broken,cashtypically is redirectedin away trying to bring thebrokentestin line again.
In this way, the intereststreamis usedto mitigatelossesby meansof a changedwaterfall. It is
beyondthescopeof thispaperto divedeeperinto suchcash�o w mechanisms.

Excessspread

As alreadymentionedabove, interestproceedsare distributed top-down to the note holdersof
classesA, B, C andD. All excesscashleft-over afterseniorpaymentsandpaymentsof coupons
on classesA to D is paidto thesubordinatednoteinvestors.Here,HVB AssetManagementAsia
(HVBAM) retainedpart of the subordinatednote (the so-calledequity piece). Sucha constel-
lation is typical in arbitragestructures:Most often, the originator/arrangerkeepssomepart of
the most junior piecein orderto participatein the excessspreadof the interestwaterfall. Addi-
tionally, retainingpartof the`�rst loss' of a CDO to someextent `proves' to themarket that the
originator/arrangeritself trustsin thestructureandtheunderlyingcredits. As indicatedabove in
our discussionon coveragetests,if testsarebroken excesscashtypically is redirectedin order
to protectseniornoteholder's interests.Here,the timing of defaults(seeSection5) is essential:
If defaultsoccurat theendof the lifetime of thedeal(backloaded),subordinatednotesinvestors
hadplenty of time to collectexcessspreadandtypically will achieve an attractive overall return
on their investmenteven if they loosea substantialpart of their investedcapital. In contrast,if
defaultsoccuratanearlystageof thetransaction(frontloaded),excesscashwill beredirectedand
no longerdistributedto the equity investor. This is a badscenariofor equity investors,because
they bearthe�rst loss(will loosemoney) but now additionallymisstheir (spread)upsidepotential
becauseexcesscashis trapped.
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Where doesthe arbitrage comefr om?

Now wheredoesthearbitragecomefrom? Thekey observationis thaton the880mmCDSagree-
mentandonthe120mmABS securitiesontheassetsidepremiumsarecollectedonasingle-name
base,whereaspremium/interestpaymentsto thesuperseniorswapcounterpartyandthenotehold-
ersrefer to a diversi�ed pool of ABS bondsandCDS names.Additionally, the tranchingof the
liability sideinto risk classescontributesto the spreadarbitragein that tranchescanbe sold for
a comparablylow spreadif suf�cient creditenhancement(e.g.,subordinatedcapital,excesscash
trapping,etc.) is built-up for theprotectionof seniornotes.

Obviously, the total spreadcollectedon single credit risky instrumentsat the assetside of the
transactionexceedsthe total `diversi�ed' spreadto be paid to investorson the tranchedliability
side of the structure. Sucha mismatchtypically createsa signi�cant arbitragepotentialwhich
offersanattractiveexcessspreadto theequityor subordinatednotesinvestor.

Therearemany suchtransactionsmotivatedby spreadarbitrageopportunitiesin the CDO mar-
ket. In somecases,structuresinvolve a so-calledratingarbitragewhich ariseswhenever spreads
increasequickly andrapidly andthecorrespondingratingsdo not reactfastenoughto re�ect the
increasedrisk of the instruments.Ratingarbitrageasa phenomenonis an importantreasonwhy
typically a seriousanalysisof arbitrageCDOsshouldnot rely on ratingsalonebut alsoconsiders
all kindsof othersourcesof information.

From a modelingperspective, arbitragestructuresconstitutean interestingandchallengingclass
of CDOsbecausein mostcasesall kindsof cash�o w elementsareinvolved.

Lookingatarbitragestructuresfromaneconomicpointof view onecouldsaythatawell-structured
transactionlike ArtemusStrategic AsianCreditFundhas- dueto thearbitragespreadinvolved-
a potentialto offer an interestingrisk-returnpro�le to notesinvestorsaswell as to the origina-
tor/arrangerholding(partof) anunratedjunior piece. It is certainlypossiblethattheincorporated
spreadarbitrageis suf�ciently high to compensateboth groupsof peopleadequatelyfor the risk
taken.

A word on superseniorswaps

Regardingsuperseniorswapsone shouldmentionthat in most transactionsthe likelihood that
thesuperseniortranchegetshit by a losswill becloseto zero. Scenarioshitting sucha tranche
typically are locatedfar out in the tail of the lossdistribution of the underlyingreferencepool.
Lookingatsuperseniorswapsfrom aheuristic(non-mathematical)pointof view, onecansaythat
in orderto causea hit on a superseniortranchetheeconomyhasto turn down soheavily thatit is
very likely thatproblemswill have reacheda level wherea superseniorswaphit is just thetip of
theiceberg of aheavy global�nancial crisis.

2.2 Moti vation 2: Regulatory capital relief

Regulatorycapitalrelief is anothermajormotivationwhy banksissueCDOs.Here,mostoftenthe
`D' in `CDO' becomesan `L' standingfor `loan'. The CDO is thencalleda collateralizedloan
obligation(CLO).Figure2 showsatypicalCLO issuedfor thepurposeof regulatorycapitalrelief.
Again, thereaderhastheoptionto look into presalereportsof theratingagencies;see[4] and[5].
In Building Comfort 2002-1,HVB hasboughtprotectionon a pool of 5bn Euro of residential
mortgagebacked loans. In this particulartransaction,not evenanSPVhasbeenset-up.Instead,
HVB directly issuednotesonthelower5%of thenotionalvolume(includinga50bpsequitypiece
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Figure2: Building Comfort2002-1

in form of aswap,theso-calledClass-ESwap)andboughtprotectionfrom anOECD-bankon the
upper(senior)95%of thenotionalvolumeof theRMBSpool.

Let usbrie�y outlinewhatsucha transactionmeansfor theregulatorycapitalrequirementof the
underlyingreferencepool. In general,loanpoolsrequireregulatorycapitalin sizeof 8%� RWA
whereRWA denotesthe risk-weightedassetsof the referencepool. Ignoring collateraleligible
for a risk weightreduction,regulatorycapitalequals8% of thepool's notionalamount.After the
(synthetic)securitizationof thepool, theonly regulatorycapitalrequirementtheoriginatorhasto
ful�ll regardingthe securitizedloan pool is holding capital for retainedpieces. For example,if
HVB would hold the equity piece,the regulatorycapital requiredon the pool would have been
reducedby securitizationfrom 8% down to 50bps,which is the sizeof the equity tranche.The
50bpscomefrom thefact thatretainedequitypiecestypically requirea full capitaldeduction.As
alreadymentioned,in the specialcaseof Building Comfort, HVB hasimplementeda swap (the
Class-ESwap,with aso-calledinterestsubparticipation)into theequitypiece.

Altogetheroneclearly seesthat structureslike Building Comfort arevery useful tools if one is
interestedin relief of regulatorycapital. Even if a bankkeepsan equity pieceof, say, 3%, the
securitizationimplies a 5% relief of regulatorycapital, ignoring collateraleligible for RWA re-
ductionagain.As `opportunitycosts'for capitalrelief, theoriginatingbankhasto pay interestto
notesinvestors,a superseniorswappremium,upfrontcosts(ratingagencies,lawyers,structuring
andunderwritingcosts)ongoingadministrationcostsandpossiblysomeotherexpenses.A full
calculationof costscomparedto thedeclineof regulatorycapitalcostsis requiredto judgeabout
theeconomicsof suchtransactions.
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2.3 Moti vation 3: Funding

Thereis notmuchto sayaboutthisthird motivationbankshavefor CDOissuance.In so-calledtrue
saletransactions,thetransferof assetsis notmadeof derivativeconstructionsbut ratherinvolvesa
truesale`off balancesheet'of theunderlyingreferenceassetsto anSPVwhich thenissuesnotes
in orderto re�nance/fundtheassetspurchasedfrom theoriginatingbank. Theadvantagefor the
originatoris thereceiptof cash(funding).

Fundingcanbeanissuefor bankswhoseratinghasdeclinedto a level wherefundingfrom other
sourcesis expensive. The advantageof re�nancing by meansof securitizationsis that resulting
fundingcostsaremainly relatedto thecreditquality of the transferredassetsandnot somuchto
theratingof theoriginator. However, thereremainssomelinkageto theoriginator's rating,if the
SPValsoentersinto a serviceragreementwith theoriginatingbank. In suchcases,investorsand
ratingagencieswill evaluatetheservicerrisk inherentin thetransaction.

2.4 Moti vation 4: Economicrisk transfer

Thelastof thefour majormotivationsfor CDO issuanceis economicrisk transfer. Figure3 illus-
tratestheimpactof asecuritizationtransactionon thelossdistributionof theunderlyingreference
pool. Sucha transactiondividesthe lossdistribution in two segments.The left segment,theso-
called�rst loss,refersto lossescarriedby theoriginator(e.g.,by retainingtheequitypiece).The
right segmentrefersto the excesslossof the �rst losspiece,taken by the CDO investors. The
upperboundaryof the �rst losspieceis aneffective losscaptheoriginator`buys' from theCDO
investors.The charton the right in Figure3 illustratesthe lucky situationthat the securitization
costsaremuchlowerthanthedeclineof theexpectedloss.In suchsituations,therisk-returnpro�le
of thesecuritizedpoolwill beimprovedby thesecuritizationtransaction.

Figure3: Economicrisk transfer(illustrative!)

The insuranceparadigm

A standardquestionpeopleaskregardingrisk transferin thecontext of securitizationsis thefollow-
ing: How canthesedealstransferrisk, if the�rst loss(oftensigni�cantly higherthantheexpected
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lossof the original pool) is kept by the originator? To answerthis question,we go backto the
insuranceparadigmsometimesusedto explain thenecessityof taking into accountexpectedand
unexpectedlossesin creditpricing. In thisparadigmtheexpectedlossis calculatedasaninsurance
premiumto bechargedanddepositedin somelossreserve accountin orderto cover thehistoric
meanlossesobservedw.r.t. theconsideredclassof creditrisky instrument.Analogously, a capital
cushionagainstunexpectedlossesis calculatedby meansof aneconomiccapitalde�nition (e.g.,
credit VaR, expectedshortfall or someother risk measure).Now, if a banksecuritizesa credit
portfolio andretainsonly the �rst losspiece(FLP), thereis somerisk transferif andonly if the
probabilityP[Loss> FLP] is greaterthanzero.Applying theinsuranceparadigmto this case,the
insurancepremiumfor covering lossescanbechosensomewhat lower aftersecuritizingthepool
becausethereis aneffective losscapin placefor thebene�t of theoriginatingbank.

Costsversusbene�t

Summarizingonecansaythatmostsecuritizationtransactionsactuallyleadto somerisk transfer.
Theproblemis thattherisk costsaving alonedoesnotalwaysjustify thesecuritizationcostsspent
on theliability sideof a CLO (spreadpayments,hedgecostsandotherfeesandcosts).Moreover,
the upfront costsof settingup a CLO can be quite expensive too. Therewill be expensesfor
structuring,underwriting,rating agency fees, lawyer costs,etc. Suchcostshit the P&L of an
originatingbankright at thestartof thetransaction.

Impact on the contributory economiccapital

Anotherimportantpointfor investigationin thecontext of risk transferis thechangein contributory
economiccapitalimplied by a securitization.Theproblemis thatsecuritizinga subportfoliocan
causesomenegative effect on the economiccapital of the residualsourceportfolio due to the
diversi�cation turn-down causedby takingawayapoolof diversifyingassets;see[13], pages256-
258. Obviously, if the volumeof the securitizedpool is `small' comparedto the volumeof the
sourceportfolio, suchnegative impacthasachanceto benegligible.

Moti vation for Monte Carlo simulation tools

Besidesothers,all of the above mentionedaspectshave to be taken into accountby originating
banks.Withouttailor-mademathematicaltoolsfor evaluatingtheplannedCLO in awayconsistent
with thebank's internalportfolio modelit is impossibleto draw a completepictureof the impact
of asecuritizationtransaction.Of course,for CDOinvestorsthesameprincipleshold.

3 CDOs fr om a quantitati veperspective

In thissectionwebrie�y indicatehow CDOevaluationis donein generalby meansof MonteCarlo
simulations.Thegeneralpicturewehave in mind is givenin Figure4.

On the left sideof a CDO therewill bealwayssomepool of credit risky instruments,e.g.,loans,
bonds,creditderivatives(e.g.,CDS),ABS notes,or evena combinationof differentassetclasses.
We refer(andreferredin Section2) to thispartof a CDOastheassetsideof thestructure.On the
right sideof a CDO we typically have securitiesissuedin thecapitalmarket. For obviousreasons
we call this part of the CDO the liability sideof the transaction.The two sidesof the CDO are
connectedthroughthestructuralde�nition of thetransaction.Typically thestructureis represented
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Figure4: ModelingCDOs- causeandresponse

by meansof atermsheet,anindenture,anofferingcircularor whateverdocumentationtheinvestor
receivesfrom theoriginator/arranger.

Now, the key to a basicunderstandingof CDO modelingis the trivial fact that the only1 reason
for uncertaintyregardingthe performanceof the securitieson the liability side of the structure
is the uncertaintyregardingthe performanceof the underlyingassetpool. In otherwords,if we
would beableto predicttheeconomicfutureof theunderlyingassetswith certainty, we would -
just by applyingthe structuralde�nitions (cash�o ws, etc.) - alsobe ableto exactly predict the
performanceof securitieson theliability sideof thetransaction.

Mathematicallyspeaking(seeFigure4), the assetsideinducesa probability spacecapturingthe
randomnessof theunderlyingassets.Thecash�o w structureof the transactionuniquelyde�nes
a mapping ~X on this probability space,transformingassetscenariosinto liability scenarios.A
liability scenariocanbe thoughtof asa vectorwhosecomponentsincludeall kinds of numbers
relevant for describingthe performanceof issuedsecurities,e.g.,tranchelosses,coupons,IRRs,
etc.;see[13], Section8.3.

3.1 Modeling the assetsideof a CDO

Theprobabilityspaceunderlyingtheassetsideof a transactioncanbeconstructedby meansof a
creditportfolio model.Therearevariouswaysto implementacreditrisk modelsuitablefor CDO
evaluation.In this paper, we restrictourselvesto a `correlateddefault times' model;seeSection4
for anintroductionto themathematicsof default times.

Thebasicideaof how to evaluateaCDOby meansof default timesis asfollows. An assetscenario
in adefault timesmodelbasicallyconsistsof avector(� 1; :::; � m ) of default timesfor aportfolio of,
say, m obligorsin theassetpool underlyingtheCDO.Therandomlydrawn numbers� i represent

1If theassetpool is managed, theperformanceof theassetmanageris anothersourceof uncertainty.
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the time until obligor i defaults. Basedon anassetscenario,cash�o ws canbe transformedinto
default-times-adjustedcash�o ws. Figure5 illustratesthecash�o w transformationby meansof a
bond. Until the default time � which dependson the creditquality of theobligor, all cash�o ws
are in placeasscheduled.But at the time of default, cash�o ws dry-out and the bond investor
receivessomerecovery amount.Notethat in reality mostoftentherewill besomedelayuntil the
�nal settlement/work-outof thedefaultedasset.In derivativetransactionsthetimeuntil settlement
mostoftenfollowsanISDA masteragreement.

Figure5: Transformationof cash�o wsby default times

In this way, cash�o w CDOs,wherethecashcollectedon theunderlyingassetsis distributedon
theliability sideof thestructure,canbeevaluated.For purelysyntheticstructurestheapplication
of default timesis evenmorestraightforward,becauseit is primarily lossanddefault distributions
thatmatter. Moredetailson default timesfollow later.

3.2 Modeling the liability sideof a CDO

The modelingof the structureof a CDO itself is far from beingtrivial. First of all it involvesa
carefulstudyof the availabledocumentation,startingfrom presalesandendingat a voluminous
offering memorandum.It alsoinvolvesa carefulbalancebetweenmodelingthe`full range'of all
cash�o w elementsandsimplifying structuralelementsfor thebene�t of abetterhandling.Taking
shortcutsregardingcash�o w elementscanbedangerous,of course,andhasto bedonewith great
care.To illustratethis,wegivetwo examples.

Example1: A harmlesssimpli�cation

Assumethata CDO-SPVissuestrancheswhereonetrancheis split andissuedin two currencies,
e.g.,40%of thetrancheareEurodenominated(EuroLIBOR asreferenceinterestrate)and60%of
thetrancheareSterlingdenominated(SterlingLIBOR referenced).Letssaytheunderlyingassets
areall Sterlingdenominatedand(SterlingLIBOR) �oating ratenotes. Obviously thereis some
currency mismatchinherentin theCDO which typically is hedgedby meansof a basisswapand

11



a currency swap. The goodnews regardingthe CDO model is that aslong asthe hedgesarein
place,thereis no needto modeltherandomnessunderlyingthecurrency risk. Instead,thehedge
costscanjust be implementedasanother(senior)deductionfrom availablefundsin the interest
waterfall of theCDO.

Example2: A dangeroussimpli�cation

A lessharmlessshortcutis the following situation. An investorconsidersbuying a mezzanine
trancheof a cash�o w CDO. In orderto cometo a quick decision,theinvestoronly `tranches-up'
the lossdistribution of theunderlyingpool (see4.4) in orderto getanestimateof themezzanine
tranche's default probability and expectedloss. Now, if the CDO is not just a `plain vanilla'
structurebut incorporatessomeredirectionof cash�o ws basedon crediteventsin theassetpool
(which will be the casein almostall casesof cash�o w deals),sucha `tranchedloss' approach
(ignoringcash�o w triggersandwaterfall changes)is very likely to bequitemisleading.For more
sophisticatedstructuresat leasta semi-analyticapproach(see4.5), or evenbetter, a `full' Monte
Carlosimulationapproachis recommended.

4 CDO modeling techniques

This sectionwill outline thebasicsof correlateddefault times. As a referenceto researchpapers
following moreor lessthe sameroutewe mentionFINGER [20], L I [26, 27] andSCHMIDT and
WARD [33].

Becausedefault timesdependonthecreditqualityof theconsideredobligor, well-calibratedcredit
curvesarea main`ingredient'for constructingdefault times.Thederivationof suchcurvesis the
topicof thefollowing section.

4.1 Calibration of a credit curve

For reasonsof simplicity andto make the applicability clear, we asssumein this sectionthat we
have a setof ratingsR = AAA, AA, A, BBB, BB, B, CCC,D, whereAAA asalwaysdenotesthe
bestcreditquality, CCCrefersto theworstnon-defaultedcreditquality andD denotesthedefault
state.It is straightforwardto �nd generalizationsof thefollowing resultsfor �ner ratingscales.

It is bestpracticeto assigna uniquedefault probability(PD, in BaselII notation)to every obligor
ratingR. Table1 showsanexampleof suchaPD-calibrationof ratings.

Table1: One-yearPDscalibratedto ratings

The aim of this sectionis to calibratea credit curve for eachof the 7 ratingsR, wherea credit
curve for a ratingR is amapping

t 7! p(R)
t = P[R * D in time t] (t � 0; R 2 f AAA; AA; :::; CCCg);
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where`* ' denotesmigration.In otherwords,p(R)
t is theprobabilitythatanobligorwith acurrent

ratingof R defaultswithin thenext t years.An examplefor probabilities

p(AAA )
t ; p(AA )

t ; :::; p(CCC)
t

for t = 1 is givenin Table1. Wewill alwayscounttime in years.

Thereare many ways to do this. Here, we follow a well-known Markov chain approach(see
JARROW ET AL . [24], ISRAEL ET AL . [23], KREININ andSIDELNIKOVA [25]), basedon a one-
yearmigrationmatrix from Standard& Poor's ([36], Table8, Page13). In practice,thecalibration
of credit curves is not as straightforward as exercisedhere. For example,internal information
on credit migrationsanddefault history will be a main sourceof datataken into accountfor the
calibrationof creditcurves. However, our purposehereis to demonstratehow sucha calibration
canbedonein principle.For our little exercise,we rely on ratingagency data.

Ratingagenciesannuallypublishdiscretecredit curves(p(R)
t )t=1 ;2;3::: basedon cohortsof histor-

ically observeddefault frequencies;[36] is an example. The problemwith historically observed
cohortesis that theresultingmulti-yearPDshave a tendency to look kind of `saturated'at longer
horizonsdueto lack-of-dataproblems.Comparingcorporatebonddefaultreportsfrom 5 yearsago
with reportsasof today, onecertainlyrecognizesa lot of improvementon thedataside. Curves
aresmootheranddo not imply zeroforward PDstoo early. Neverthelessthe dataquality is still
not satisfactoryenoughto rely on historicdatawithout `smoothing'by somesuitablemodel.The
following Markov chainapproachis an elegantway to overcomethis problemand to generate
continuous-timecreditcurves.

Let usnow startwith theadjustedaverageone-yearmigrationmatrix from S&P (see[36], Table
8, Page13). Weovercomethezerodefault observationproblemfor AAA-ratingsby replacingthe
default columnby thevaluesfrom Table1. In fact,thePDsin Table1 have beencalibratedbased
on a linearregressionon a log-scaleof theoriginal default columnin theS&P-matrix. To assure
thatwehaveastochastic(migration)matrix, i.e., row sumsequalto 1, werenormalizetherowsof
themodi�ed S&P-matrix.As aresultweobtaintheone-yearmigrationmatrixM = (m ij ) i;j =1 ;:::;8

presentedin Table2. Next, weneedthefollowing theorem.

Table2: Modi�ed S&Paverageone-yearmigrationmatrix

Theorem 1 If a migrationmatrix M = (mij ) i;j =1 ;:::;8 is strictly diagonaldominant,i.e., mii > 1
2

for every i , thenthelog-expansion

~Qn =
nX

k=1

(� 1)k+1 (M � I )k

k
(n 2 N)

convergesto amatrix ~Q = (~qij ) i;j =1 ;:::;8 satisfying

13



1.
P 8

j =1 ~qij = 0 for every i = 1; :::; 8;

2. exp( ~Q) = M .

Theconvergence~Qn ! ~Q is geometricallyfast.

Proof. SeeISRAEL ET AL . [23]. 2

Remark 1 Recall that the generatorof a time-continuousMarkov chain is given by a so-called
Q-matrix Q = (qij )1� i;j � 8 satisfyingthefollowing properties:

1.
P 8

j =1 qij = 0 for every i = 1; :::; 8;

2. 0 � � qii < 1 for every i = 1; :::; 8;

3. qij � 0 for all i; j = 1; :::; 8 with i 6= j .

For somebackgroundon Markov chainswereferto thebookby NORIS [31].

Thefollowing theoremis astandardresultfrom Markov chaintheory:

Theorem 2 Thefollowing two propertiesareequivalentfor amatrixQ 2 R8� 8:

� Q satis�esProperties1 to 3 in Remark1.

� exp(tQ) is astochasticmatrix for every t � 0.

Proof. SeeNORIS [31], Theorem2.1.2.2

Theorem1, Remark1 and Theorem2 open a nice way to constructcredit curves which are
compatiblewith Table 1 at the one-yearhorizon. We start by calculatingthe log-expansion
~Q = (~qij ) i;j =1 ;:::;8 of the one-yearmigration matrix M = (mij ) i;j =1 ;:::;8 accordingto Theorem
1. Thiscanbedonewith acalculationprogramlikeMathematicaor Matlab,but canaseasilyalso
beimplementedin Excel/VBA. Table3 shows theresultingmatrix ~Q.

Table3: Log-expansionof themodi�ed S&P averageone-yearmigrationmatrix

Theorem1 guaranteesthat ~Q ful�lls Property1 of generatorslisted in Remark1. Condition2 is
alsonot hurt by ~Q, but Condition3 is not ful�lled. However, thereareonly three`blacksheep'in
Table3, namely

� ~qAAA;B = -1bps,

� ~qB ;AAA = -1bps,

� ~qCCC;AA = -2bps.

14



Only thesethreeentriesdisable ~Q from beinga generatormatrix. Becausethesethreevaluesare
very smallnumbers,we feel freeto setthemequalto zeroanddecreasethediagonalelementsof
rows AAA, B andCCCby anamountcompensatingfor the increasedrow sums,suchthatat the
endtherow sumsareequalto zeroagain.In [25] thisprocedureis calleda `diagonaladjustment'.
As a resultweobtainageneratormatrixQ = (qij ) i;j =1 ;:::;8 asshown in Table4.

Table4: Approximategeneratorof themodi�ed S&Paverageone-yearmigrationmatrix

FromTheorem1 we know thatwe getbacktheoriginal migrationmatrix M from ~Q by exp( ~Q).
But whataboutgettingM backfrom Q? Becausewe manipulated~Q in orderto arrive at a gen-
eratorQ, exp(Q) will not exactly equalM . What we areinterestedin now is the error coming
from replacingM by exp(Q). Becausethemanipulationwe did is negligible, we alreadyexpect
theresultof thenext proposition.

Proposition 1 M hasanapproximateQ-matrix representationby Q. Theerroris

kM � exp(Q)k2 =

vu
u
t

8X

i;j =1

(mij � (exp(Q)) ij )2 � 0:000224

andthereforenegligible. Wecansafelywork with Q insteadof ~Q.

Proof. Justcalculatethedistance.2

In Markov chaintheorytheachievementof Q is calledanembeddingof thetime-discreteMarkov
chainrepresentedby M into a time-continuousMarkov chainrepresentedby its generatoror Q-
matrixQ. Of course,ourembeddingonly holdsin anapproximatemanner(seeProposition1), but
theerror is negligibly small. Probabilistsknow that theexistenceof suchembeddingsis far from
beingtrivial, andto someextent we have beenvery lucky that it worked so well with the S&P-
basedmigrationmatrix M . However, thereis morethanjust onetechniqueto �nd approximate
generators;see[24], [23] and[25].

We arebasicallydonenow with our creditcurves.Our efforts have beenrewardedby a generator
Q with exp(Q) = M , ignoringthe`� ' from now on. Thecreditcurvescanberead-off from the
collectionof matrices(exp(tQ)) t � 0 by lookingat thedefault columns.Moreprecisely, weobtain

p(R)
t = (etQ ) i (R);8

wherei (R) denotesthetransitionmatrix row correspondingto thegivenratingR. For therestof
this paperwe will alwayswork with thecreditcurvesjust constructed.Figure6 shows a chartof
our creditcurvesfrom t = 0 to t = 50years(quarterlyvalues).
Thecurvesin Figure6 aretypical. Credit curvesassignedto subinvestmentgraderatingshave a
tendency to slow-down their growth, becauseconditionalon having survived for sometime the
chancesfor furthersurvival improve. For goodratingsweseetheoppositeeffect.
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Figure6: Calibratedcurves(p(R)
t )t � 0

4.2 The distrib ution of single-namedefault times

If we believe thatour creditcurves(p(R)
t )t � 0 arecorrectandreally give usthecumulativedefault

probabilitiesfor any givenratingR over any time interval [0; t], thereis oneandonly oneway to
de�ne adefault timedistribution for anR-ratedobligor.

Proposition 2 Given a credit curve (p(R)
t )t � 0 for a rating R, thereexists a uniquedefault times

distribution for R-ratedobligors.

Proof. The proof is obvious: SetFR (t) = p(R)
t for t � 0. De�ne a randomvariable� (R) with

valuesin [0; 1 ) anddistribution functionF� ( R ) by

F� ( R ) (t) = P[� (R) � t] = FR (t) = p(R)
t : (1)

For example,� (R) = F � 1
R (X ) with X � U[0; 1] will do thejob. 2

Proposition2 shows thatassoonasour creditcurve is established,thereis just oneway to come
up with a default time for an obligor admittingsucha credit curve. In the sequel,we continue
to usethenotationfrom theproof of Proposition2. Basedon (1), thedensityof thedefault time
distributionof R-ratedobligorscanbeobtainedby calculatingthederivative

f � ( R ) (t) =
d
dt

FR (t): (2)

Figure7 showsthedefault timedensitiesw.r.t. ourcreditcurves(p(R)
t )t � 0 for R=AAA, R=AA and

R = A. For (singlename)default timesweexpectin generalthat

� investmentgraderatingshavea default expectationfar in thefuture,whereas
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Figure7: Default timedensitiesw.r.t. (p(R)
t )t � 0 for R = AAA,AA,A

� subinvestmentgraderatingscanbeexpectedto default in thenearfuture.

We will illustrate this by calculatingthe expectationandstandarddeviation of the default time
distributionscalibratedw.r.t. our creditcurves.Table5 reportson ourcalculationof themeanand
standarddeviationof f (R)

� ,

E[� (R) ] =

1Z

0

tf � ( R ) (t)dt and

� [� (R) ] =
� 1Z

0

(t � E[� (R) ])2f � ( R ) (t)dt
� 1

2
:

Table5: Meanandstandarddeviationof default timesw.r.t. (p(R)
t )t � 0 (time in years)

Thenumbersshow that if oneonly considersa singlecredit risky asset,its expecteddefault time
typically is far away in the future. Even for the worst credit quality, CCC, the expectedtime
until default is 12 years.However, oneshouldnot forget that thechancesthata CCC-ratedcredit
defaultswithin oneyeararealmost30%.This is possiblebecausedefault time distributionsare
quiteunsymmetricandheavily skewed.
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Figure8: Dependenceof default timesstatisticson ratings

Figure8 visualizesthedependenceof default timesmeansandstandarddeviationson ratings. It
is quite interestingto observe that in the consideredcasemeanandstandarddeviation coincide
exactly at the borderbetweeninvestmentandsubinvestmentgraderatings,namelyin BBB. The
volatility of default timesdecreaseswith decreasingcreditqualitybut increasesif consideredrela-
tive to thecorrespondingexpecteddefault time.

This concludesour discussionof single-namedefault times. In thenext sectionwe areinterested
in default timesfor awholeportfolio of credits.

4.3 Multi variate default timesdistrib utions

Let usnow assumethatwe look ataportfolio of m obligors.Weusetheindex i to referto thei -th
obligor. Theratingassignedto anobligor i will bedenotedby R(i ). Theresultsfrom Section4.2
imply marginal default timedistributionsfor ourportfolio. Wedenotethecorrespondingdensities
anddistribution functionsby

f 1 = f � ( R (1)) ; :::; f m = f � ( R ( m )) and F1 = F� ( R (1)) ; :::; Fm = F� ( R ( m )) :

Thesearetheunique(marginal)default timedistributionsmatchingourcreditcurves,andbecause
wedecidedto believein ourcreditcurveswewill �x thesedistributionsfor therestof thissection.
Whatweneednow is amethodto combinegivenmarginaldistributionsto acommonmultivariate
distribution re�ecting thedependenciesbetweensingledefault times. And we arelucky: thereis
sucha conceptknown in thestatisticsliteraturefor many years,namelythecopulaapproach.In
fact, theconceptof copulasis mucholder thanthehistoryof internalcredit risk models.Herein
thecontext of default timesonereally �nds agoodexamplefor ameaningfulapplicationof copula
functions.Theproblemwestartedwith at thebeginningof thissectionis aclassicalmotivationfor
thedevelopmentof copulas.Givenm marginal distributions,how canwe `bind' themtogetherto
a reasonablemultivariatedistribution incorporatingthedependenciesbetweenthem components?
Copulasaretheanswer. Therefore,wenow brie�y mentionsomekey facts.

De�nition 1 A copula(function) is a multivariatedistribution (function) suchthat its marginal
distributionsarestandarduniform. A commonnotationfor copulasis

C : [0; 1]m ! [0; 1]; (u1; :::; um ) 7! C(u1; :::; um) :

In ourcasem alwaysrefersto anumberof obligorsor creditrisky instruments.
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Thefollowing two theoremsshow thatcopulasoffer auniversaltool for constructingandstudying
multivariatedistributions.

Theorem 3 (SKLAR [34], [35]) For any m-dimensionaldistribution function F with marginal
distributionsF1; :::; Fm , thereexistsa copulafunctionC suchthat

F (x1; :::; xm ) = C(F1(x1); :::; Fm (xm )) (x1; :::; xm 2 R):

Moreover, if themarginal distributionsF1; :::; Fm arecontinuous,thenC is unique.

Sketch of Proof. De�ne thefollowing functionon [0; 1]m ,

C(u1; :::; um ) = F (F � 1
1 (u1); :::; F � 1

m (um )) : (3)

Thenoneonly hasto verify thatC is acopularepresentingF , seealsoNELSON [29]. 2

But moreis true. It is not only thecasethatany multivariatedistributionhasa copularepresenta-
tion, but copulascanbecombinedwith givenmarginaldistributions.

Proposition 3 GivenacopulaC anddistribution functionsF1; :::; Fm on R, thefunction

F (x1; :::; xm ) = C(F1(x1); :::; Fm (xm )) (x1; :::; xm 2 R)

de�nesamultivariatedistribution functionwith marginaldistributionsF1; :::; Fm .

Proof. Theproof is straightforward.2

It is Proposition3 wecanuseto constructmultivariatedefault timedistributions.Wealreadyfound
the`true' marginaldistributionfunctionsF1, ...,Fm re�ecting ourcreditcurves.Choosingacopula
functionC will yield amultivariatedefault timesdistribution

F (t1; :::; tm ) = C(F1(t1); :::; Fm (tm )) (4)

for timest1; :::; tm 2 [0; 1 ). Sotheconceptof copulasis a nicetool for constructingmultivariate
default timesdistributions.Obviously thechallengenow is to �nd asuitablecopulabestmatching
themodelingproblemandtheunderlyingdata.

Example: Gaussianand Student-t copulas

Themostcommonlyusedcopulain thecontext of default timesis theGaussiancopula,

C[u1; :::; um ] = F m; � [N � 1(u1); :::; N � 1(um )] (5)

where N [�] denotesthe standardnormal distribution function, N � 1(�) denotesits inverseand
F m; � refers to the multivariateGaussiandistribution function on Rm with correlationmatrix
� = (%ij )1� i;j � m andzeromean. The parameterm refersto the numberof obligorsin the con-
sideredportfolio. Gaussiancopulasandtheir applicationto CDOshave beenstudiedin various
papers,see[20], [26], [33], just to mentiona few alreadyquotedresearchpapers.Onesafelycan
saythatwhenever peoplearenot explicitly addressingtheproblemof copulaselection,they most
oftenrely onaGaussiancopula.

However, therearemany alternatives. The non-Gaussiancopulaappliedmostoften de�nitely is
theStudent-tcopula,de�ned by

C[u1; :::; um ] = F t (n; �) [F � 1
t(n) (u1); :::; F � 1

t(n) (um )] (6)
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whereF t (n; �) denotesthemultivariatet-distribution functionwith n degreesof freedomand(lin-
ear)correlationmatrix � 2 Rm� m , andFt (n) denotesthe t-distribution function with n degrees
of freedom. Note that the t(n; �) -distribution can be derived by choosinga Gaussianvector
Y = (Y1; :::; Ym ) � N (0; �) , a � 2(n)-distributed randomvariableX , independentof Y , and
consideringtheproduct

p
n=X Y , which will bet(n; �) -distributed.

Thereis a wholeuniverseof copulasavailablein thestochasticsliterature;seefor exampleEM-
BRECHTS ET AL . [17] andBOUY �E ET AL . [15]. Making the `right' choiceof copulais far from
beingtrivial. In thenext section,we brie�y indicatewhatdifferencethechoiceof copulasmakes
to aCDOmodel;seealsoTable7 andFigure12.

Copula impact on CDO performance: GaussianversusStudent-t

If the degreesof freedomarelarge enough,the differencebetweenGaussianund t-copulaswill
vanishif they rely on thesamelinearcorrelationmatrix � . This is dueto thefact that for largen
t(n) is approximatelynormal.Moreover, themultivariatet-distribution inheritsits linearcorrela-
tion from thecorrelationmatrix � of theinvolvedGaussianvector,

Corr[
p

n=X Yi ;
p

n=X Yj ] = Corr[Yi ; Yj ]

usingthe samenotationasin theprevioussection.But if onedecreasesthedegreesof freedom,
thet-copulawill show moreandmoretail dependency; seeEMBRECHTS ET AL . [17], FREY and
MCNEIL [18], and[13], pages106-112.Thisis graphicallyillustratedin Figure9. In thisexample,
thechosenlinearcorrelationequals%= 0:4.

Figure9: Increasing̀ tail dependency' by decreasingthedegreesof freedom

For CDO modeling, this insight has importantconsequences.More tail dependency typically
meansa higherpotentialfor joint defaultswhich in turn implieshigherstressfor seniortranches
in CDOtransactions.In otherwords,changingthecopulausedfor ourdefault timesmodelmeans
changingthe economicsof differenttranchesin differentways;seeSection5. On onesidethis
observationshows that the choiceof a particularcopulafunction inducesa high modelrisk, but
on the othersideit providesa very useful tool for stresstestingdifferentCDO tranches.Stress
testingis a must in CDO modelinganyway, becausemostoften thereis a signi�cant amountof
uncertaintyon theparametersideinvolved. It is very naturalto make copulasa partof thestress
testingprogramfor CDOtrancheinvestments.
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A remark on assetvaluemodelsand default times

It is possibleto calibratea default timesmodelcompatiblein distributionwith a one-periodasset
valuemodel(e.g.,period= oneyear)accordingto BLACK andSCHOLES [12] andMERTON [28];
see[20], [26], [33]. Thebasicideais asfollows. We startwith geometricBrownianmotions

A(i )
t = A(i )

0 exp[(� i � 1
2 � 2

i )t + � i B
(i )
t ] (i = 1; :::; m; t 2 [0; T]) (7)

wheretheBrownianmotionsarecorrelatedandadmita correlationmatrix � = (%ij )1� i;j � m con-
stantover time. Theprocesses(A t )t � 0 areinterpretedto give theassetvalueof thecorresponding
obligorsatany time. Assetvalueprocessescannot beobservedin themarket,but canbeinferred
from equityprocesses,seeCROSBIE [16], NICKEL ET AL . [30], and[13], 3.4. Thelink to default
risk is given by a latentvariablesapproachby meansof a Bernoulli mixture model,wherejoint
default probabilitiescanbe written in the following generalform; seeJOE [21], FREY andMC

NEIL [18], and[13], 2.1.For � 1; :::; � m 2 f 0; 1g,

P[L1 = � 1; :::; Lm = � m ] =
Z

[0;1]m

mY

i =1

p� i
i (1 � pi )1� � i dF(p1; :::; pm ):

Here,thecomplexity of themodelis completelyhiddenin thedistributionfunctionF. For example,
F in its mostsimpleform is appliedin so-calleduniform portfolio models,whereall obligorsare
correlatedthesameway, admittinga uniform default probability. In this case(seeFINGER [19],
VASICEK [37], and[13], 2.1.2),thedistribution functionF is givenby

F = N � g� 1; g(y) = N
hN � 1(PD) �

p
%y

p
1 � %

i
(y 2 R); (8)

whereN [�] denotesthedistributionfunctionof thestandardnormaldistribution,%refersto theuni-
form assetcorrelationbetweenobligors,andPD denotesthe(one-period,e.g.,oneyear)uniform
default probabilityof theportfolio. Theprobabilityfor k outof m defaultscanthenbewrittenas

P[L1 + � � � + Lm = k] =
�

m
k

� 1Z

�1

g(y)k(1 � g(y))m� kdN(y):

Notethatthefunctiong(y) from Formula(8) representsthe`heart'of theBaselII benchmarkrisk
weightsin thenew capitalaccord.

Now �x somehorizonT > 0. Comingbackto thegeneralcaseof geometricBrownianassetvalue
processes,theBernoulli variableindicatingdefault of obligor i over timeT typically is de�ned by

L (T )
i = 1

f A ( i )
T � ~c( i )

T g
(9)

where~c(i )
T denotesthedefault-critical thresholdfor obligor i , theso-calleddefault point; see[16].

The link to our credit curves(p(R)
t )t � 0 from Section4.1 is given by a calibrationof the default

point ~c(i )
T in away re�ecting theT-yearcumulativedefault probability,

P[L (T )
i = 1] = P[A (i )

T � ~c(i )
T ] != p(i )

T (10)

wherep(i )
T = p(R(i ))

T . Basedon asimplereformulationof (7), weobtainthedistributionalequation

P[L (T )
i = 1] = P[B (i ) � c(i )

T ] with c(i )
T =

ln(~c(i )
T =A(i )

0 ) � (� i � 1
2 � 2

i )T

� i

p
T

: (11)
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whereB (i ) � B (i )
1 � N (0; 1). Note that conceptuallyB (i ) hasnothingbut the standardnormal

distribution in commonwith thevalueB (i )
1 of thedriving Brownianmotion. The time-dynamics

of theunderlyingprocessis not takeninto accountin this `�x ed-horizon'approach.However, due
to B (i ) � N (0; 1) andEquations(10)and(11)wecanconcludethat

c(i )
T = N � 1(p(i )

T ) = N � 1(Fi (T)) (12)

for the default point of obligor i , where(Fi (t)) t � 0 denotesthe credit curve of that obligor. The
second̀=' in (10)additionally`forces' thatat thehorizonT

P[L (T )
i = 1] = p(i )

T = P[� i � T] with � i � Fi (13)

whereFi denotesthedefault timedistribution functionof obligor i ; seeSection4.2.Wehave

P[� i � T] = P[L (T )
i = 1] = P[B (i ) � N � 1(Fi (T))] = P[F � 1

i (N [B (i ) ]) � T]:

Thismotivatesthecurrent`standardapproach'to correlateddefault times,de�ning

~� i = F � 1
i (N [B (i ) ]) (i = 1; :::; m) where (B (1) ; :::; B (m)) � N (0; �) (14)

is multivariateGaussianwith correlationmatrix � ; see[20], [26], [13], 7.3. By constructionwe
have ~� i � � i , so(14)showsaway to de�ne thedefault timeof obligor i asa functionof avariable
in distribution equalto the(standardized)one-yearassetvaluelog-returnB (i )

1 of obligor i . Natu-
rally, default timesde�ned accordingto Equation(14)will inherit thedependencestructureof the
involvedone-periodassetvaluemodel.

Summarizing,(14) yields correlateddefault timesmarginally matchinggiven credit curvesand
inheritingthedependencestructureof agivenone-periodassetvaluemodel.

Moreover, thecumulativedefaultdistributionupto timeT arisingfrom thedefault timesapproach
andthedistributionof theportfolio defaultsarisingfrom a one-period(moreprecisely, theperiod
is thetime interval [0; T]) assetvaluemodelcoincide,

mX

i =1

1f ~� i � T g �
mX

i =1

L (T )
i

for any �x edhorizonT. Notethatthis relationrefersto equalityin distributiononly.

However, in order to de�ne correlateddefault times in line with (14), it is not really necessary
to think in termsof anassetvaluemodel,becausethey simply canbe derivedby combiningour
singledefault timesdistributionsfrom Section4.2by meansof aGaussiancopula.

Moreprecisely, combining(marginal) default timedistribution functionsF1; :::; Fm by meansof a
Gaussiancopulaaccordingto (5), wegetamultivariatedefault timesdistribution function

F (t1; :::; tm ) = F m; � [N � 1(F1(t1)) ; :::; N � 1(Fm (tm ))] :

For thecorrespondingdefault times� 1; :::; � m wederiveat thefollowing equation,

P[� 1 � t1; :::; � m � tm ] = F m; � [N � 1(F1(t1)) ; :::; N � 1(Fm (tm ))]

= P[X 1 � N � 1(F1(t1)) ; :::; X m � N � 1(Fm (tm ))]

= P[F� 1
1 (N [X 1]) � t1; :::; F � 1

m (N [X m ]) � tm ] where (X 1; :::; X m ) � N (0; �) :
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Goingbackto (14)we �nd that(� 1; :::; � m ) � (~� 1; :::; ~� m ).

Altogetherthe derivation of default timesaccordingto (14) explainswhy marginal default time
distributionsareoftencombinedto a multivariatedefault timesdistribution by useof a Gaussian
copula. The reasonis that a one-periodassetvaluemodel in the classicalsettingas introduced
by MERTON matchesa default timesmodelrelying on a Gaussiancopula.However, in thesame
way asotherprocessesthanBrownianmotionsareusedin optionpricing theorytoday, otherthan
Gaussiancopulasbecomemoreandmorepopularfor default timesdistributions.Thedependence
structureof anon-normalassetvaluemodelthencanbecarriedover to thedefault timescopulain
ananalogouswayasexercisedfor theGaussiancopulacasein (14).

Barrier diffusion modelsand �rst passagetimes

In this sectionwe brie�y want to mentionotherapproachesto default timesby meansof barrier
modelsin orderto give thereadersomemotivationto investigateotherpromisingideasapplicable
to CDOanalysis.A moredetailledexpositionanddiscussionof theresultsindicatedin thissection
canbefoundin [14].

For example,OVERBECK andSCHMIDT [32] startwith (marginal) default time distributionsin a
similar wayaswedid in 4.2by writing

P[� i < t] = Fi (t) (t � 0; i = 1; :::; m): (15)

Hereby, the distribution functionsFi (t) aregiven from externalsources,e.g.,credit curvesasin
Section4.1. Additionally they de�ne the pairwisejoint default probabilities(JDP)w.r.t. a �x ed
horizonT by

JDPij = P[� i < T; � j < T]: (16)

Theproblemthey studyis thefollowing:

Problem1 GivenF1; :::; Fm and(JDPij )1� i;j � m , �nd stochasticprocesses(X (i )
t )t � 0 andbarriers

(c(i )
t )t � 0, i = 1; :::; m, suchthat

� i = inf f t � 0 : X (i )
t � c(i )

t g;

where� i meansthedefault timeof obligor i satisfying(15)and(16).

Problem1 searchesfor a �rst passageor hitting time matchingthe default time of obligorsad-
mitting a prescribedcredit curve andprescribeddefault eventcorrelations,becausethe JDPsare
directly relatedto default correlationsandviceversa;see[13], pages58-61.

Thekey ideaelaboratedin [32] for tacklingProblem1 is to de�ne a time scaletransformationTi

for everyassetandto transformcorrelatedBrownianmotions(B (i )
t )t � 0,

X (i )
t = B (i )

Ti (t )
(t � 0; i = 1; :::; m);

thenappliedfor thede�nition of �rst passagetimesw.r.t. barriers(c(i )
t )t � 0,

~� i = inf f t � 0 : X (i )
t � c(i )

t g: (17)

The processes(X (i )
t )t � 0 arecalledability-to-payprocesses.In [32], Proposition1, they de�ne

a suitabletime scaletransformationTi suchthat ~� i coincideswith the default time � i de�ned by
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meansof theprescribedcreditcurves(15). Theproof is basedonthewell-known �rst passagetime
distributionfor Brownianmotion. In asecondpartof thepaper([32], 4.2)it is shown thatthetime
changedBrownianmotionscanbecalibratedw.r.t. givenJDPs.Basedon a paperby ZHOU [38],
theJDPscanbedescribedin closedanalyticform asafunctionof thecorrelationof theunderlying
Brownianmotions.

Theresultsin [32] provideanintuitiveway (time-transformingWienerprocesses)to derivecorre-
lateddefault timesby meansof abarrierdiffusionmodel.In HULL andWHITE [22], acomparable
analysiscanbe found. Regardingdefault barriermodelswe refer to ALBANESE ET AL . [6] and
AVELLANEDA andZHU [8].

4.4 Analytic approximations

For sometransactions,analyticor semi-analyticapproximationscanbeappliedin orderto speed-
up theevaluationof CDOs.Whetheranalyticshortcutscanbeappliedor not stronglydependson
thestructureof thetransactionandtheunderlyingassetpool.

Analytic derivation of expectedlossand PD of a tranche

Themosttypical examplewhereananalyticapproachis asgoodasany Monte-Carlosimulation
approachis thecaseof a synthetic(balancesheetmotivated)transactionfor thepurposeof regu-
latory capitalrelief andrisk transfer, referencedto a largehomogeneouspool of referenceassets,
e.g.,a largeportfolio of retail loansor a highly diversi�ed portfolio of SMEs.More precisely, for
thesequelweconsider(asanexample)astructuresatisfyingthefollowing conditions:

1. Theunderlyingreferencepool is highly diversi�ed andcanbe(approximately)represented
by auniformreferenceportfolio with in�nite granularity.

2. Amortizationof notesontheliability sidefollowssequentiallytop-down in decreasingorder
of seniority(highestsenioritytranche�rst, secondhighestsenioritytranchenext, andsoon).

3. Lossesarewritten-off sequentiallybottom-upin increasingorderof seniority(equitytranche
bearsthe�rst loss,�rst junior piecebearsthesecondloss,andsoon).

4. CDO notesare referencedto the underlyingpool of assets(e.g., by credit linked notes).
Interestpaymentson noteswill bepaidby theoriginatorin anamountof

Interest(Tranche)= Volume(Tranche)� [LIBOR + Spread(Tranche)]: (18)

Besideslosswrite-offs (bottom-up;seeCondition3), no otherrandomeventstriggerrepay-
mentsor interestpayments.

Condition4 impliesthatadefaulton interestpaymentobligationscanonly happenif theoriginator
defaultson its �nancial/contractualobligation,becausethepromisemadeto notesinvestorsis to
payinterestaccordingto (18)unconditionally. However, dueto losswrite-offs, thenominalamount
of interestpaymentscandecreaseif a tranche'svolumedecreasesasaconsequenceof losses.

For the sequelwe assumewithout loss of generalitya �x ed LGD of 100%. By scalingand a
substitutionin the respective formulas,any �x edLGD canbe implemented,replacingany gross
lossL by a realizednet lossL � LGD. As anothersimplifying condition,we assumethat the
assetpool is static(non-managed)andhasa bullet exposurepro�le until maturity. However, by
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`WAL-adjustments'(WAL standsfor weightedaveragelife) theresultsof this sectionalsoapply
to amortizingassetpools.

For transactionsasthe onedescribedabove, the risk of tranchescanbe quanti�ed by a closed-
form analyticapproach.Condition1 allows to replacethe original referencepool by a uniform
or homogeneousportfolio with in�nite granularityadmitting a uniform credit curve (pt )t � 0 as
calibratedin Section4.1andauniformassetcorrelation%. Let usassumethattheconsideredCDO
maturesat timeT. Then,thecumulative lossL at thehorizonT is givenby (cp. (8))

L = p(T; Y) = N
hN � 1(pT ) �

p
%Y

p
1 � %

i
where Y � N (0; 1): (19)

The derivation of this representationis well-known, dueto VASICEK [37], andcanbe found in
a moregeneralsetting,e.g., in [13], pages87-94. The expressionon the right side in equation
(19) is thelossvariableof a portfolio with in�nitely many obligors(limit case)whereall obligors
have a PD of pT and are pairwisecorrelatedwith an assetcorrelation%. The variableY has
an interpretationasa macro-economicfactordriving the lossof the portfolio. Becausep(T; Y)
correspondstoaportfolioof in�nitely many assets,idiosyncraticrisk hasbeencompletelyremoved
by diversi�cation, so that therandomnessof Y is thesolesourceof theriskynessof theportfolio
lossp(T; Y).

In thesequelwewill exploit theabsolutecontinuityof p(T; Y) by relyingon its density

f pT ;%(x) =

r
1 � %

%
exp

�
1
2

�
N � 1(x)

� 2
�

1
2%

�
N � 1(pT ) �

p
1 � %N � 1(x)

� 2
�

(20)

see[13], page91. By construction,wegetbackthecreditcurve(pt )t � 0 by calculatingexpectations,

pt = E[p(t; Y)] =

1Z

�1

N
hN � 1(pt ) �

p
%y

p
1 � %

i
dN(y) =

1Z

0

xf pt ;%(x)dx;

assumingthattheseverity of lossequals100%in caseof defaults.

Now, any tranchingconsistingof q trancheson the liability sideof the CDO canbe written asa
partitionof [0; 1) in thefollowing way,

� i = [� i ; � i +1 ) (i = 1; :::; q; 0 = � 1 < � 2 < � � � < � q+1 = 1):

Herebyweassumelossesto benormalized(in percentage)to theunit interval (0 = no loss,1 = full
lossof theportfolio's total notionalamount).Giventhesimplecash�o w structureassumedat the
beginningof this section,thelossL i of tranche� i is givenby

L i = � i (L) = min[max(0; L � � i ); � i +1 � � i ] (i = 1; :::; q) (21)

whereL representstheportfolio lossat time T, L = p(T; Y).

Proposition 4 For aCDO with maturityT satisfyingtheconditionslistedat thebeginningof this
section,theexpectedlossof tranche� i , normalizedto thetranchesize,canbecalculatedby

E[L i ] =
1

j� i j

1Z

0

� i (x)f pT ;%(x)dx

where� i is thefunctionde�ned in (21)andj� i j = � i +1 � � i .

25



Figure10: Losspro�le functionof aCDO tranche

Proof. Theassertionof thepropositionis obvious.2

Proposition4 offers a closed-formexpressionfor the expectedloss of a tranche,illustratedby
Figure10. Thehitting probabilityof tranchesalsocanbeexpressedin closedform.

Proposition 5 Underthestatedconditions,theprobability� i thattranche� i is hit by alossequals

� i = 1 � N
h 1

p
%

�
N � 1(� i )

p
1 � %� N � 1(pT )

� i
:

Rememberthat� i denotesthelowerboundaryof tranche� i .

Proof. First of all notethatwehave

P[p(T; Y) � x] = P
h

� Y �
N � 1(x)

p
1 � %� N � 1(pT )

p
%

i

for all x 2 [0; 1] accordingto (19). TakingY � N (0; 1) into accountandconsidering

� i = P[p(T; Y) > � i ] = 1 � P[p(T; Y) � � i ];

theproofof thepropositionfollows. 2 .

Proposition5 offersawaytocalculatethePDof aCDOtrancheandProposition4helpscalculating
its expectedloss(EL). Then,thelossgivendefault (LGD) canbede�ned andcalculatedby

LGDi =
E[L i ]

� i
(22)

for any tranche� i , i = 1; :::; q. In thisway, thethreemaincomponentsof basicrisk analysis(PD,
EL andLGD) arefully speci�ed.Anotherinterestingapplicationof Proposition5 is thederivation
of amodel-basedimplied ratingof aCDOtranche.
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An illustrati veexample

We concludethis sectionby anexampleapplyingtheresultsjust derived. Let usconsidera CLO
satisfyingthe assumptionsstatedat the beginning of Section4.4. The assumedtranchingof the
CLO is reportedin Figure11. Thematurityof theCLO is in 10 years,countedfrom todayon.

Figure11: Tranchingof aportfolio's lossdistribution

Let us assumethat the underlyingreferencepool (static,bullet pro�le) can be (approximately)
replacedby auniformportfolio with aBBB-creditcurve(pt )t � 0, seeFigure6, andauniformasset
correlation%= 20%. For T = 10 we thenobtainp1 = 36bpsandpT = 9:8%. Thecumulative
lossdistribution for pT , %andanassumed�x edLGD of 60%(i.e.,anoverall recovery of 40%)is
plottedin Figure11. ThecumulativeEL of theportfolio equals5.88%.

We now applyPropositions4 and5 to our sampletransactionandobtainTable6 asa result.Here
aresomecomments:

1. Equity tranche: In the analyticapproach,the PD of the equity tranchetypically is 100%
becausethelossdistribution is absolutelycontinuous,implying thatP[L = 0] = 0.

2. Rule-of-thumb for LGDs: In general,theLGD of a trancheis lower for thick tranchesand
higherfor thin tranches.To illustratethis, assumethata trancheconsistsof onepoint only,
say, lower andupperboundariesequalsome� 2 (0; 1). Then,assoonasa losshits the
tranche,it will completelybe wiped out the samemoment. Therefore,its LGD is 100%.
Now set� = � , keep� asthe lower boundaryof the tranche�x ed, but increase� asthe
upperboundaryof the tranche.The higher� , the longerit takesfor lossesto eat into the
tranchebeforethey haveconsumedall of thetranche's capital.TheLGD's rule-of-thumbis
re�ectedby theresultsin Table6.
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3. Super senior tranche: Thecumulative PD of thesuperseniortrancheequals6.15%.This
is very high for a superseniorswapanddueto the illustrativecharacterof theexample.In
typical `real life' transactionswe considered,thesuperseniorswap's PD never exceededa
few basispoints.However, even in our illustrative sampletranchingoneobservesthat the
cumulative10-yearEL is quitelow, alsore�ectedby thesmallLGD of thetranche.A linear
annualizationof theEL wouldyield anannualEL of about3bps.

Table6: Resultof applyingPropositions4 and5 to ourexample

Obviously, theoverallexpectedlossof theportfolio canbeobtainedby calculating

5X

i =1

Volume(Tranchei ) � EL(Tranchei );

Indeed,doing thecalculationyields theportfolio's cumulative EL of 5.88%. In otherwords,the
portfolio'sEL hasbeenallocatedto CDOtranchesin anadditivewayasexpected.

4.5 Semi-analytictechniques

We now cometo asemi-analyticapproachapplicableto amuchbroaderclassof transactionsthan
thepurelyanalyticapproachexplainedin theprevioussection.Here,we

� only maketheassumptionthattheunderlyingreferencepool is highly diversi�ed andcanbe
approximatelyrepresentedby asynthetichomogeneousreferencepool,

� but allow for all kindsof cash�o w elementsin thestructuralde�nition of theCDO.

In suchcases,thesemi-analytictechniqueis apowerful tool to quickly evaluateaCDO.

Theapproachworksasfollows. Insteadof consideringthedefault times� i of singleobligors,we
considerthefractionof obligorswith adefaulttimewithin theconsideredpaymentperiod. Tomake
thisprecise,denoteby � i thedefault timeof obligori andby L (m) thecumulativelossfor aportfolio
of m obligorsoverquarterlypaymentperiods1; :::; T, whereT refersto thematurityof theCDO.
The exposureoutstandingon loan i in period/quarterj will be denotedby E i;j . We assumethe
following naturalconditions,consideringanincreasingnumberof obligorsin theportfolio:

1. The exposuresin the portfolio do not increaseover time, i.e., E i;j � 1 � E i;j for all i =
1; :::; m, j = 2; :::; T, andm 2 N, m " 1 .

2. Thetotal exposureat time j ,

E (m)
j =

mX

i =1

E i;j ;
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convergesto a limit relative to theportfolio'sstartexposure,

lim
m!1

E (m)
j

E (m)
1

= wj

for every �x edpaymentperiodj = 1; :::; T. Dueto Condition1, wj 2 [0; 1].

3. With increasingnumberof obligors,thetotal exposureof theportfolio strictly increasesto
in�nity for all �x edpaymentperiodsj , i.e.,E (m)

j " 1 for m " 1 for every j = 1; :::; T.

4. With increasingnumberof obligors,exposureweightsshrinkvery rapidly,

1X

m=1

� Em;j

E (m)
j

� 2
< 1

for everypaymentperiodj = 1; :::; T.

Theseconditionsaresuf�cient but obviously not necessaryfor establishingthe following results.
More relaxedconditionsareeasyto formulate.Hereweonly illustratethebasicprinciple.

An examplefor exposuressatisfyingCondition2 is thecaseof uniformamortizationpro�les,

9 1 = w1 � w2 � w3 � � � � � wT � 0 8 i; j :
E i;j

E i; 1
= wj : (23)

To giveanexample,thisconditionis ful�lled in collateralizedswapobligationswhereontheasset
sideprotectionis soldfor m singlereferencenames,typically in form of a 5-yearbullet pro�le of
m (equalamount)CDSs,andon theliability sideprotectionis boughton the(diversi�ed) pool of
CDSin form of tranchedsecuritieswith a suitableleverageregardingspreadson volumes.In this
particularcase,wj = 1 for all j .

An examplefor exposuresful�lling Conditions3and4 is thecasewheretheexposuresarecaptured
in aband,0 < a � E i;j � b < 1 for all i; j . Then,wegetfor Condition3,

E (m)
j =

mX

i =1

E i;j � m � a " 1 ;

andfor Condition4,

1X

m=1

� Em;j

E (m)
j

� 2
�

1X

m=1

b2

m2a2
=

b2

a2

1X

m=1

1
m2

< 1 :

Conditions1-4arenot really restrictiveandwill besatis�edin mostcases.

We �x Conditions1-4 for therestof this section.Assumingfor a momentanLGD of 100%and
zerocollateral,thepercentagecumulative lossfor anm-obligorportfolio is

L (m) =
TX

j =1

E (m)
j

E (m)
1

X (m)
j ; with X (m)

j =
mX

i =1

w(m)
i;j 1f j � 1� 4� i <j g (24)
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wherew(m)
i;j denotestheexposureweightfor obligor i in paymentperiodj ,

w(m)
i;j =

E i;j

E (m)
j

(i = 1; :::; m; j = 1; :::; T):

Notethatherewe write `4� ' insteadof `� ' becauseweconsiderquarterlypaymentperiodsw.r.t. a
timevariablet countingin years.A generalizationto otherpaymentfrequenciesis straightforward.
Conditions3 and4 in theabove list areessentiallỳ cloned' from [13], Assumption2.5.2,in order
to establishProposition7. But before,weneedto state

Proposition 6 For ahomogeneousportfolio with acreditcurve (pt )t � 0 andauniformassetcorre-
lation %, theprobability thatobligor i defaultsin the time period[s; t) with s < t conditionalon
Y = y is givenby

P[s � � i < t j Y = y] = N
hN � 1(pt ) �

p
%y

p
1 � %

i
� N

hN � 1(ps) �
p

%y
p

1 � %

i
:

Proof. FromEquation(19)weconclude

P[� i < t j Y = y] = N
hN � 1(pt ) �

p
%y

p
1 � %

i
:

This immediatelyimpliestheassertionof theproposition.2

Proposition 7 Under the conditionsof this section,for a homogeneousportfolio with a credit
curve (pt )t � 0 anduniformassetcorrelation%weobtain

P
h

lim
m!1

h
X (m)

j �
�

N
hN � 1(p j

4
) �

p
%Y

p
1 � %

i
� N

hN � 1(p j � 1
4

) �
p

%Y
p

1 � %

i�i
= 0

i
= 1;

whereY � N (0; 1). Recallthatin this sectionweconsiderquarterlypaymentperiods.

Proof. Theproof is a straightforwardmodi�cation of theargumentprovidedin [13], pages88-89,
but for the convenienceof the readerwe provide the argument. The usual`trick' to prove such
resultsis to conditionon the factorY. We write Py = P[ � jY = y] for theconditionalprobability
measures.Fix y 2 R. Then,therandomvariables

Z i;j = E i;j 1f j � 1� 4� i <j g � E[E i;j 1f j � 1� 4� i <j g j Y ] (i = 1; :::; m; j = 1; :::; T)

arei.i.d. w.r.t. Py andcentered.Thesequence(E (k)
j )k=1 ;2;::: is strictly increasingto in�nity dueto

Condition3 for any j = 1; :::; T. Moreover,

1X

k=1

1

(E (k)
j )2

Ey [Z 2
k;j ] �

1X

k=1

1

(E (k)
j )2

4E 2
k;j = 4

1X

k=1

� Ek;j

E (k)
j

� 2
< 1 :

due to Condition 4. Then a versionof the stronglaw of large numbersbasedon Kronecker's
Lemma(see,e.g.,[9]) impliesthat

lim
m!1

1

E (m)
j

mX

i =1

Z i;j = 0 Py-almostsurely:
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Fromthisweconludefor everyy 2 R

P[ lim
m!1

(X (m)
j � E[X (m)

j j Y ]) = 0 j Y = y] = 1:

Then,to provealmostsureconvergenceis straightforwardby writing

P[ lim
m!1

(X (m)
j � E[X (m)

j j Y ]) = 0] =

=
Z

P[ lim
m!1

(X (m)
j � E[X (m)

j j Y ]) = 0 j Y = y]dN(y) = 1:

Proposition6 impliesthattheconditionalexpectationE[X (m)
j j Y ] for Y = y equals

E[X (m)
j j Y = y] =

1

E (m)
j

mX

i =1

E i;j E[1f j � 1� 4� i <j g j Y = y] =

P
hj � 1

4
� � i <

j
4

j Y = y
i

= N
hN � 1(p j

4
) �

p
%y

p
1 � %

i
� N

hN � 1(p j � 1
4

) �
p

%y
p

1 � %

i
:

Thiscompletestheproofof theproposition.2

Note that the idea underlyingthe proof of Proposition7 doesnot rely on Y � N (0; 1). The
sameargumentcouldbeusedto establishananalogousconvergenceresultfor otherthannormal
distributions.Wenow cometo the�nal resultof this section.

Corollary 1 Undertheconditionsstatedin this section,wehave

P
h

lim
m!1

�
L (m) �

TX

j =1

wj gj (Y )
�

= 0
i

= 1;

wherethefunctionsgj (�) arede�ned on R by

gj (y) = N
hN � 1(p j

4
) �

p
%y

p
1 � %

i
� N

hN � 1(p j � 1
4

) �
p

%y
p

1 � %

i
:

Thenumberswj referto thelimit exposureweightsfrom Condition2.

Proof. Theassertionfollowsfrom theprevioustwo propositionsandCondition2. 2

Thesemi-analytictechniquecanbefurtherdevelopedandre�ned in practicein severaldirections,
for example,stochasticrecoveriescouldbeimplementedinto theframework quiteeasily;see[13],
pages86-89,for anapproachfor a single-periodmodel,which canbeextendedto a multi-period
approachin astraightforwardmanner.

Froma CDOmodelingpointof view, thetool developedin this sectionis quitepowerful, because
in contrastto the purely analyticapproachexplainedin Section4.4, the semi-analyticapproach
allows for the implementationof all relevant cash�o w elements,e.g.,redirectionof cash�o ws
dueto realizedlossesor other`triggers' affectingtheperformanceof CDO notes.This �e xibility
is a consequenceof consideringevery singlepaymentperiod,suchthat all the specialtiesof the
consideredwaterfall canbeimplementedin anaccuratemanner.

In thenext sectionweapplythesemi-analytictechniqueto anillustrativesampletransaction.
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5 Further examplesand applications

We concludethis paperby two examples.Here,we keeptheexamplesassimpleaspossibleand
do not exercisethe modelingof somecomplicatedstructure. More sophisticatedexamplesand
illustrationscanbefoundin [14].

An exampleof an evaluation of a collateralizedswapobligation

The �rst exampleis a plain-vanilla collateralizedswap obligation(CSO) with 5 tranches.The
transactionis assumedto work asfollows:

� The issuersellsprotectionby meansof 80 singlecredit default swaps(CDS) with a total
swapvolumeof 800million EUR (10 million swapvolumeon eachof the80 names).This
constitutestheassetsideof thetransaction.

� Theissueralsobuysprotectionon the800million creditvolumehenow is exposedto. This
builds-uptheliability sideof thestructure.

� For buyingprotection,thevehicleissues4 credit-linkednotes(CLNs),namelyclassA, class
B, classC andequity. The total volumeof notesissuedin the capitalmarket equals100
million EUR (12.5%on theswapvolumeof 800million). Thecashreceived from issuing
theCLNs is investedin anaccountof risk-free(cash-equivalent)collateral.

� For the upper87.5%(700 million), the issuersentersinto a superseniorswap agreement
with anOECDbankin orderto buy protectionagainsttail events.

� In caseof a default in the CDS pool, the realizedloss is paid on the protectionselling
agreementby liquidatingcollateralandusingtheproceedsto makethecontingentpayments.
If lossesexceedthe100million fundedvolume,thesuperseniorswapcounterpartywill have
to payfor theresiduallossesnot alreadycoveredby theavailablecollateral.On theliability
side,losseseatinto the tranches̀bottom-up' in a way that the total fundedvolumealways
matchestheamountin therisk-freecollateralaccount.Recoveredamountsarere�ectedon
theliability sideby a `top-down' deleveragingof theoutstandingswapvolume.

� Theaverageratingof theCDSpool is a BBB+, theaveragePD equals20bps,theassumed
recovery is 34%andthetransactionmaturesin 5 years.

We now calculatefor this transactionthePD,EL andLGD. Table7 shows theresultof theMonte
Carlo simulation. For the calculation,we useda correlateddefault times approachbasedon a
normalcopulaaswell asa t-copulawith

� anaverageassetcorrelationof 20%(linearcorrelation)in bothcasesand

� 5 degreesof freedomin thet-copulacase;

seeSection4.3 asa referencefor copulasanddefault times. Figure12 illustratesthe impactof a
copulachange;theresultcouldalreadybeguessedfrom theearlierpresentedFigure9.

Becausethet-copulageneratesamuchstrongertail dependency (seeFigure9) for thejoint distri-
butionof marginaldefault times(calibratedfrom ourcreditcurvesfrom Section4.1),joint defaults
occurmoreoftenin thet-copulathanin theGaussiancopulacase.
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Table7: A sampleCSO(illustrative!)

Figure12: Graphicalillustrationof PDs(left) andELs (right) from Table7

Table7 andChart12 illustratehow the changefrom a Gaussianto a t-copulawith suitably low
degreesof freedomstressesseniortranchesand- at the sametime - implieskind of a risk relief
for themostjunior tranche. This is acomparableresultto thewell-known factthat,e.g.,assuming
zerocorrelationfor a �rst-to-default basket is a conservativeapproach; seeFigure14.

Thehigherthecorrelationandtail dependency, thebetterfor equity investorsand�rst-to-default
takers. The lower the correlationandthe moreindependentthe occurrenceof joint defaults,the
highertherisk of takingthe�rst lossof abasketor pool.

We concludeour exampleby modelingthe transactionalsoby meansof the(semi-)analytic2 ap-
proach.Herebywerely onaGaussiancopula,but othercopulascanbeimplementedeasily. Table
8 showstheresult.

2Goingbackto Corollary1, weseethatif wj = 1 8j thenthesemi-analyticapproachandtheanalyticapproachare
essentiallythesamefor a �x edhorizonT. Thedifferencebetweenanalyticandsemi-analyticapproachesin this case
is that the`telescopesum' representationof thecumulative lossaccordingto Corollary1 allows for all kindsof cash
�o w adjustmentsin every singlepaymentperiod. Obviously, if the pool's exposurepro�le is not of bullet-typebut
follows a certainamortizationschedule,thenthesemi-analyticapproachandtheanalyticapproachdiverge,although
in somecasesa suitableWAL-adjustmentof theanalyticapproachhassomechanceto yield goodapproximations.
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Table8: Revisiting thetransactionby meansof a semi-analyticapproach

Herearesomecommentson theresult:

� ThePDfor equityequals100%,re�ecting theabsolutecontinuityof theanalyticlossdistri-
bution. We alreadydiscussedthisphenomenonin theillustrativeexamplein Section4.4.

� The differenceswe seeare essentiallydue to the differenceof a simulationof 80 non-
homogeneoussingle default times comparedto a (semi-)analyticapproachbasedon the
assumptionof anin�nitely granularandhomogeneouspoolof assets.However, if wewould
increasethenumberof assetsandtakecarethatthenamesunderlyingtheCDSscanbemod-
eledby applicationof a uniformPDandauniformcorrelation,thenthetwo results(Table7
and8) wouldconvergetowardsacommonrisk pro�le of tranches.

In [14] we alsoconsiderpricing andreturnaspectsof a sampleCDO. In transactionswhere,e.g.,
anexcessspreadredirectiontrigger(or, to mentionanotherexample,principalde�ciency ledgers)
areimplemented,thesemi-analyticapproachreallyunfoldsits strengths.

The importance of a reasonablemodelingof the timing of defaults

In this sectionwe want to make thepoint thatanaccuratemodelingof thetiming of defaultscan
bequiteessential.To giveanexample,wepresentFigure13.

Figure13: Illustrationof theimportanceof an`accurate'modelingof default timing
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The chart shows a scatterplotof loss (x-axis) versuscumulative excessspread(y-axis) paid to
equity investors.Theunderlyingtransactionhas5 tranches:4 fundedtranches(equity, classesC,
B, A) andanunfundedsuperseniortranche.Thelossaxisin Figure13 refersto lossescumulating
on classesC, B andA. Basedon subordination,any losseatinginto classC implies that equity
investorsalreadylostall their investedcapital.It is interestingto observe thefollowing:

� Therearescenariosinvolving alargelossandneverthelessasubstantiallyhighexcessspread
cumulationto subordinatednoteholders.Thereasonfor suchscenariostypically is a more
backloadeddefault timing.

� Therearealsoscenarioswith a comparablysmall lossbut neverthelessa negligibly small
excessspreadcumulationto equityinvestors.Suchscenariosaregeneratedby amorefront-
loadeddefault timing.

� Thedensityof pointsdecreaseswith increasingseniorityof tranches.This re�ects theshape
of the lossdistribution of theunderlyingassetpool. However, it is worthwhile to mention
that losseslocatedat the upperboundaryof the C-trancheadmit the whole spectrumof
excessspreadscenarios,rangingfrom zeroto almostmaximumexcessspreadcumulationto
equityholders.Mezzaninetranchesbeartherisk of thesecondlossbut havenoparticipation
in theexcessspreadof thetransaction.Thereforethey needanextra carefulevaluationand
risk/returnassessment.

Altogetheroneclearly canseethat an accuratemodelingof default timing is essentialfor pric-
ing a CDO tranche. To give anotherexamplein this direction,Figure14 shows �rst-to-default
distributionsfor thetransactiondescribedin Table7.

Figure14: First-to-default distributions

What we seehereis that a changeof copulaaswell as a changeof linear correlationchanges
the time dynamicsof default times. A typical applicationof default timing considerationsare
the tailor-made de�nition of coverageratios in cash �o w CDOs. The more precisean ar-
ranger/originatorcan predict the timing of defaults, the more target-orientedthe structuringof
thedealcanbedone.
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