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Abstract.: Collateralizeddebtobligatong(CDOs)constituteanimportantsubclas®f assetbaclked securi-
ties. The evaluationof CDOsrelieson mathematicamodelingandon simulationaswell asanalyticand
semi-analytiapproachegjependingn the underlyingassepool andthe cash o w structureof thetrans-
action. This paperis anintroductorysurvey on CDO modeling. It startswith a ‘mini course'on the useof
CDOsascapitalmarketinstrumentsexplainssimulationandanalyticapproachefor evaluatingCDOsand
considerghenotionof PD, EL andLGD of CDO tranches.
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1 Intr oductory Remark

A main motivationfor writing this surwey paperon CDO modelingwasan invitation to give the
closingtalk at the Autumn Schoolon Risk Managemen{SeptembeR9 - October02, 2003in
Herrsching/Ammerseeaf the Munich Universityof Technology Theaim of thetalk wasto give a
brief andself-containedntroductionto CDOsasstructurednance instrumentd§rom a mathemat-
ical modelingpoint of view. Theslidesof thetalk (althoughnot all of the topicsdiscussedn this
paperfoundtheirway ontothem)canbe downloadedat the Autumn Schools website

www.mathematik.tu-muenchen.de/gkaam/AutumnSchadmtml

The paperis dividedin two parts. Section2 and3 arewritten in proseandcanbe considereds
a very brief and self-containedmini introduction’'to CDOsas capitalmarket instruments.Sec-
tions 4 and5 presentsomeideasregardingthe mathematicof CDOs. Readersonly interested
in the applicationof mathematicatonceptgo structured nance problemscan safelyomit Sec-
tion 2. However, my hopeis thatreaderswithout any experiencen CDOsbut interestedn their
functionalityandapplicationswill nd Section2 and3 useful.

A referencdor readersnterestedn diving deepeiinto themathematicef CDO modelingis [14],
wherea much more detailledand mathematicallymore rigorouscoursein CDO modelingwill
hopefullysoonbe ‘ripe’ for publication.

2 Four goodreasondor CDO business

CDOissuanceshovedaremarkablegrownth duringrecentyears.Althoughthis growth hasslowed
down in 2003dueto adif cult economicervironment,it canbe expectedthatthe growth of CDO
issuancevill continueoverthenext years.

Whatpeoplenotinvolvedin CDOstypically askis thefollowing question:Whatmakesthis asset
classso successfuin the structured nance market, and why are peoplestill consideringnew
variationsof the schemewith unbrolen enthusiasmt is the purposeof the next four sections
to outline ananswerto this question.Besideghe four motivationssummarizedn the sequeltax
andlegal arbitrageplay animportantrole in CDO structuring.Becausehey arenot describedoy
mathematicstheseaspectarenot consideredn this paper

In the following we will look attwo reallife’ examplesandone illustrative' example. The rst
two examplesrefer to transactionsloneby membersof HypoVereinsbanKHVB) Groupin the
pastninemonths.| have choserthesetwo particularstructuregrom avariety of transactionslone
by HVB becausehey nicely illustratetwo of the four main motivationsfor CDO issuance Both
transactionsre public andthe readercan nd moredetailsregardingthe structuresn the corre-
spondingpresalereportsof the ratingagenciesObviously, our purposehereis not to discusshe
performancer to disclosethe economicof thesetransaction$ut ratherto usethemasexamples
for "goodreasonswhy banksissueCDOs. Equivalently, onecould have usedpurely illustrative
examplesbasedon ctitious transactionsasexercisedin Sections4 and5. However, thereis a
goodchancehatreaderswill nd it interestingo seeatleastsome real’ examples.

Section2.1is intendedto be anintroductory ' warm-up'andthereforemorelengthythanthe sub-
sequenpartsof this section.



2.1 Motivation 1: Spreadarbitrage opportunities

We begin this sectionby quoting somepassage$&om an article which appearedn the web at
www.FinanceAsia.confwritten by Rob Davies,March 20, 2003):

HVB AssetManagemen#sia (HVBAM) hasbroughtto marketthe rst everhybridcollateralized
debtobligation(CDO) managedy an Asian collateralmanager The deal,on which HVB Asia
(formerly known asHypoVereinsbanksia) actedasleadmanageandunderwriter is backed by
120million of asset-baakd securitizationbondsand880 million of creditdefault swaps... Under
the structureof the transactionArtemusStrateyic Asian Credit FundLimited - a specialpurpose
vehicleregisteredn the Caymanislands- issued200 million of bondsto purchase¢he120million
of cashbondsanddeposit80 million into the guaranteednvestmentcontract,provided by AlG
FinancialProducts.In addition, the issuerentersinto credit default swap agreementsvith three
counterpartie$BNP Paribas,DeutscheBankandJPMogan)with a notionalvalueof 880 million.
On eachinterestpaymentdate,the issuer after paymentf certainseniorfeesandexpensesand
thesuperseniorswappremium,will usetheremaininginterestcollectionsfrom the GIC accounts,
thecashABS bonds thehedgeagreementsndthe CDS premiumsrom the CDSto payinvestors
in the CDO transaction.. The transactionwas split into ve tranchesjncluding an unrated20
million junior pieceto be retainedby HVBAM. The 127 million of A-classnoteshave triple-A
ratingsfrom Fitch, Moody's and S&RF, the 20 million B-noteswere rated AA/Aa2/AA, the 20
million C bondswereratedA/A2/A, while the 13 million of D noteshave ratingsof BBB/Baa2
andBBB.

ARTEMUS Strategic Asian Credit Fund (HVB Asset Management Asia)
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Figure 1 shows a structuraldiagramof the transaction.As mentionedn the quotationfrom Fi-
nanceAsiabove,thethreemajorratingagenciesanalyzedhetransactionThereadercan nd the
resultsof their analysisn thethreepresaleeports[1], [2] and[3] of thetransaction.

We now wantto look at the transactionn a more detailledmanner Herebywe focuson some
aspectonly andtry to simplify thingsasmuchaspossible. For example,hedgeagreementsn
interestratesandcurrenciewill beexcludedfrom ourdiscussion.

In the sequelall amountsof money referto USD.

Liability sideof the structure

Theissuer(ArtemusStratgic AsianCreditFundLimited, anSPVat Caymanfrom now onshortly

called ‘Artemus’) issued200mmof bonds,split in ve tranchesre ecting differentrisk-return

pro les. Artemus(asprotectionbuyer)alsoenterednto aCDSagreemenfsuperseniorswap)ona

notionalamountof 800mmwith asuperseniorswap counterpartySuchcounterpartiegprotection
sellerson superseniorswaps)aretypically OECD-bankswith excellentcredit quality. Because
theliability sidehasafunded(200mmof notes)andanunfunded800mmsuperseniorswap)part,

thetransactions calledpartially funded.

Assetsideof the structure

Theproceed®f the200mmissuancdave beeninvestedn aguaranteethvestmentontract(GIC

account;80mmin eligible collateralassetsyand assetbacled securities(ABS bonds;120mm).
Additionally, theissuersold protectionon a pool of nameswith anaggregatednotionalamountof

880mm.Becauseheassesideconsistf a mixture of debtsecuritiesandsyntheticassetCDS),

the transactionis called hybrid. Note thatthe GIC is kind of “risk-free' (AAA-rated securities,
cash-equialent).

Settlementof credit events

If crediteventshapperonthe880mmCDSagreemenfrememberArtemusis protectionseller),a
settlementvaterfall takesplaceasfollows.

Proceedd$rom the GIC accountareusedby Artemusto make paymentonthe CDS agree-
ment.

If proceedd$rom the GIC arenot sufcient to coverlossesprincipalproceedsrom the debt
securitiesareusedto payfor losses.

If lossesxceedthenotionalamountof the GIC andprincipalproceedsthenABS securities
areliquidatedandproceed$rom suchliquidationareusedfor paymentonthe880mmCDS
agreement.

Only if all of the above mentionedfunds are not sufcient for covering losses,the super
seniorswap will be dravn (remember:Artemusboughtprotectionfrom the supersenior
swap counterparty).

Notethat(atstart)thevolumeof the GIC plusthesuperseniorswapnotionalamountexactly match
the 880mmCDS agreementandthatthe 120mmABS Securitiesplus the 880mmCDS volume
“asset-backthe 1bntotal tranchevolumeon theliability side.However, thesecoverageequations
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referonly to principalandswapnotionalsoutstandingBut thereis muchmorecreditenhancement
in the structure becauseadditionalto the settlementvatertll, interestproceedsmainly coming
from the premiumpaymentson the 880mmCDS agreemenand from the ABS bonds,mitigate
lossesasexplainedin thefollowing section.

Distrib ution of proceeds

Principal proceedgrepayment/amortizatioof debtsecurities)andinterestproceedgincomeon
ABS bonds the GIC, hedgeagreementandpremiumfrom the 880mmCDS agreementaregen-
erally distributedsequentiallytop-davn to the noteholdersin the orderof their seniority Ontop
of theinterestwatergll, fees,hedgecostsandotherseniorexpensesndthe superseniorswappre-
mium have to be paid. Both, principalandinterestpaymentsaresubjectto changen casecertain
coveragetestarebroken. Therearetypically two typesof coveragetestsin suchstructures:

Overcollateralizatiortests(O/C) take carethat the available (principal) fundsin the struc-
ture aresufcient for a certain(over)coverage(encodedby O/C-ratiosgreaterthan 100%)
regardingrepaymentsiueon theliability sideof thetransaction.

Interestcoveragetests(l/C) make surethatany expensesandinterestpaymentsdueon the
liability sideof thestructureanddueto othercounterpartiegwolved,e.g.,hedgecounterpar
ties,are(over)covered(encodedy I/C-ratiosgreatetthan100%)by theremaining(interest)
fundsof thetransaction.

If atestis broken,cashtypically is redirectedn awaytrying to bringthe brokentestin line again.
In this way, the intereststreamis usedto mitigate lossesby meansof a changedwvatergll. It is
beyondthe scopeof this paperto dive deepelinto suchcash o w mechanisms.

Excessspread

As alreadymentionedabove, interestproceedsare distributed top-davn to the note holdersof
classedA, B, C andD. All excesscashleft-over after seniorpaymentsand paymentsf coupons
on classesA to D is paidto the subordinatechoteinvestors.Here,HVB AssetManagemenAsia
(HVBAM) retainedpart of the subordinatechote (the so-calledequity piece). Sucha constel-
lation is typical in arbitragestructures:Most often, the originator/arrangekeepssomepart of
the mostjunior piecein orderto participatein the excessspreadof the interestwaterfll. Addi-
tionally, retainingpartof the " rst loss' of a CDO to someextent proves' to the market thatthe
originator/arrangeitself trustsin the structureandthe underlyingcredits. As indicatedabove in
our discussionon coveragetests,if testsare broken excesscashtypically is redirectedin order
to protectseniornoteholders interests.Here, the timing of defaults (seeSection5) is essential:
If defaultsoccuratthe endof the lifetime of the deal(backloaded)subordinatedhotesinvestors
hadplenty of time to collectexcessspreadandtypically will achiere an attractve overall return
on their investmentevenif they loosea substantiapart of their investedcapital. In contrast,if
defaultsoccuratanearly stageof thetransactior(frontloaded) excesscashwill beredirectedand
no longerdistributedto the equity investor This is a bad scenariofor equity investors,because
they bearthe rst loss(will loosemoney) but now additionallymisstheir (spreadupsidepotential
becausexcesscashis trapped.



Where doesthe arbitrage comefrom?

Now wheredoesthe arbitragecomefrom? Thekey obsenationis thatonthe880mmCDSagree-
mentandonthe120mmABS securitieon theassesidepremiumsarecollectedon a single-name
basewhereagpremium/interegpaymentgo the superseniorswap counterpartyandthe notehold-
ersreferto a diversi ed pool of ABS bondsand CDS names.Additionally, the tranchingof the
liability sideinto risk classesontrilbutesto the spreadarbitragein thattranchescanbe sold for
a comparablylow spreadf sufcient creditenhancemente.g.,subordinateatapital,excesscash
trapping,etc.)is built-up for the protectionof seniornotes.

Obviously, the total spreadcollectedon single credit risky instrumentsat the assetside of the
transactiorexceedsthe total “diversi ed’ spreadto be paid to investorson the tranchediability
side of the structure. Sucha mismatchtypically createsa signi cant arbitragepotentialwhich
offersanattractize excessspreado the equity or subordinateahotesinvestor

Thereare mary suchtransactionsnotivatedby spreadarbitrageopportunitiesin the CDO mar
ket. In somecasesstructuresnvolve a so-calledrating arbitragewhich ariseswheneer spreads
increasayuickly andrapidly andthe correspondingatingsdo not reactfastenoughto re ect the
increasedisk of the instruments.Ratingarbitrageasa phenomenoiis animportantreasorwhy
typically a seriousanalysisof arbitrageCDOsshouldnot rely on ratingsalonebut alsoconsiders
all kindsof othersourcesf information.

From a modelingperspectie, arbitragestructuresconstitutean interestingandchallengingclass
of CDOsbecausén mostcasesll kindsof cash o w elementsareinvolved.

Lookingatarbitragestructuregrom aneconomigointof view onecouldsaythatawell-structured
transactiorlike ArtemusStratgic Asian Credit Fundhas- dueto the arbitragespreadnvolved-
a potentialto offer an interestingrisk-returnpro le to notesinvestorsaswell asto the origina-
tor/arrangeiholding (partof) anunratedunior piece It is certainlypossiblethattheincorporated
spreadarbitrageis sufciently highto compensaté&oth groupsof peopleadequatelyor the risk
taken.

A word on super senior swaps

Regardingsuperseniorswapsone shouldmentionthat in mosttransactionghe likelihood that
the superseniortranchegetshit by a losswill be closeto zero. Scenarioshitting sucha tranche
typically arelocatedfar out in the tail of the loss distribution of the underlyingreferencepool
Looking at superseniorswapsfrom a heuristic(non-mathematical)oint of view, onecansaythat
in orderto causea hit on a superseniortranchethe economyhasto turn down soheaily thatit is
very likely thatproblemswill have reacheda level wherea superseniorswap hit is justthetip of
theicebeg of aheavy global nancial crisis.

2.2 Motivation 2: Regulatory capital relief

Regulatorycapitalrelief is anothemmajor motivationwhy banksissueCDOs.Here,mostoftenthe
‘D' in "CDO' becomesan L' standingfor “loan'. The CDO is thencalleda collateralizedoan
obligation(CLO). Figure2 shavs atypical CLO issuedor the purposeof regulatorycapitalrelief.

Again,thereadermastheoptionto look into presalereportsof theratingagenciessee[4] and[5].

In Building Comfort 2002-1,HVB hasboughtprotectionon a pool of 5bn Euro of residential
mortgagebacled loans. In this particulartransactionnot evenan SPV hasbeenset-up. Instead,
HVB directlyissuedhoteson thelower 5% of the notionalvolume(includinga50bpsequitypiece
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BUILDING COMFORT 2002 (HVB AG)

Fixed Rate OECD-Bank/s
Payment Credit Default Swap
(Class A+)

Reimbursement of Realised Losses

Class A Notes

(AAA)
Class B Notes
Reference HVEB Credit Linked Notes - (AA)
Portfolio Class C Notes
Cash-Collateral for Classes A, (A)
B, Cand D Use of proceeds
(Held by A1+/F1+ [~
-rated bank) Class D Notes
(BBB)
¢ - - - Interest Sub participation, _ _ ___________ »| Class E Swap

Reimbursement of Realised Losses

Figure2: Building Comfort2002-1

in form of a swap,the so-calledClass-ESwap)andboughtprotectionfrom an OECD-bankon the
upper(senior)95% of the notionalvolumeof theRMBS pool.

Let usbrie y outlinewhatsucha transactiormeangor the regulatorycapitalrequiremenof the
underlyingreferencepool. In generalloan poolsrequireregulatorycapitalin sizeof 8% RWA

whereRWA denoteghe risk-weightedassetf the referencepool. Ignoring collateraleligible
for arisk weightreduction,regulatorycapitalequals8% of the pool's notionalamount. After the
(synthetic)securitizatiorof the pool, the only regulatorycapitalrequirementhe originatorhasto

fulll regardingthe securitizedoan pool is holding capital for retainedpieces. For example, if

HVB would hold the equity piece,the regulatory capital requiredon the pool would have been
reducedby securitizationfrom 8% down to 50bps, which is the size of the equity tranche. The
50bpscomefrom the factthatretainedequity piecestypically requireafull capitaldeduction.As

alreadymentioned,n the specialcaseof Building Comfort, HVB hasimplementeda swap (the
Class-ESwap,with a so-callednterestsubparticipation)nto the equity piece.

Altogetherone clearly seesthat structuredik e Building Comfort are very usefultools if oneis
interestedn relief of regulatory capital. Evenif a bank keepsan equity pieceof, say 3%, the
securitizationimplies a 5% relief of regulatory capital, ignoring collateraleligible for RWA re-
ductionagain.As “opportunitycosts'for capitalrelief, the originatingbankhasto pay interestto
notesinvestors a superseniorswap premium,upfrontcosts(ratingagencieslawyers, structuring
and underwritingcosts)ongoingadministrationcostsand possiblysomeotherexpenses.A full

calculationof costscomparedo the declineof regulatorycapitalcostsis requiredto judgeabout
theeconomicof suchtransactions.



2.3 Motivation 3: Funding

Thereis notmuchto sayaboutthisthird motivationbankshave for CDOissuanceln so-calledrue
saletransactiongthe transferof assetss not madeof derivative constructionsut ratherinvolvesa
true sale’off balancesheet'of the underlyingreferenceassetso an SPV which thenissuesotes
in orderto re nance/fundthe assetgpurchasedrom the originatingbank. The adwvantagefor the
originatoris thereceiptof cash(funding).

Fundingcanbe anissuefor bankswhoserating hasdeclinedto a level wherefunding from other
sourcesds expensve. The adwantageof re nancing by meansof securitizationss thatresulting
funding costsaremainly relatedto the credit quality of the transferrecassetandnot so muchto
therating of the originator However, thereremainssomelinkageto the originators rating, if the
SPV alsoentersinto a serviceragreementvith the originatingbank. In suchcasesjnvestorsand
ratingagenciewill evaluatethe servicerrisk inherentin thetransaction.

2.4 Motivation 4: Economicrisk transfer

Thelastof the four majormotivationsfor CDO issuancas economicrisk transfer Figure 3 illus-
tratestheimpactof a securitizatiortransactioron thelossdistribution of theunderlyingreference
pool. Sucha transactiordividesthe lossdistribution in two seggments. The left sggment,the so-
called rst loss,refersto lossescarriedby the originator(e.g.,by retainingthe equity piece). The
right segmentrefersto the excesslossof the rst loss piece,taken by the CDO investors. The
upperboundaryof the rst losspieceis aneffective losscapthe originator buys' from the CDO
investors. The charton theright in Figure 3 illustratesthe lucky situationthat the securitization
costsaremuchlowerthanthedeclineof theexpectedoss.In suchsituationstherisk-returnpro le
of thesecuritizedpoolwill beimprovedby the securitizatiortransaction.
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Figure3: Economicrisk transfer(illustrative!)

The insuranceparadigm

A standardjuestiorpeopleaskregardingrisk transferin thecontext of securitizationss thefollow-
ing: How canthesedealstransferrisk, if the rst loss(oftensigni cantly higherthanthe expected



loss of the original pool) is kept by the originator? To answerthis question,we go backto the
insuranceparadigmsometimesisedto explain the necessityof taking into accountexpectedand
unexpectedossesn creditpricing. In this paradigntheexpectedossis calculatechsaninsurance
premiumto be chagedanddepositedn somelossresere accountin orderto cover the historic
meanlossesnbsenedw.r.t. the considereatlassof creditrisky instrument.Analogously a capital
cushionagainstunexpectedossess calculatedoy meansof aneconomiccapitalde nition (e.g.,
credit VaR, expectedshortiall or someotherrisk measure).Now, if a banksecuritizesa credit
portfolio andretainsonly the rst losspiece(FLP), thereis somerisk transferif andonly if the
probability P[Loss> FLP] is greatethanzero. Applying theinsurancegparadigmto this casethe
insurancgpremiumfor coveringlossescanbe chosensomeavhatlower after securitizingthe pool
becausé¢hereis aneffective losscapin placefor the bene t of the originatingbank.

Costsversusbene t

Summarizingonecansaythatmostsecuritizatiortransactionsctuallyleadto somerisk transfer
Theproblemis thattherisk costsaring alonedoesnot alwaysjustify the securitizatiorcostsspent
ontheliability sideof a CLO (spreadpaymentshedgecostsandotherfeesandcosts).Moreover,

the upfront costsof settingup a CLO can be quite expensve too. Therewill be expensedor

structuring,underwriting, rating ageng fees, lawyer costs,etc. Suchcostshit the P&L of an
originatingbankright atthe startof thetransaction.

Impact on the contributory economiccapital

Anotherimportantpointfor investigationn thecontext of risk transfeiis thechangen contrikbutory
economiccapitalimplied by a securitization.The problemis that securitizinga subportfoliocan
causesomenggative effect on the economiccapital of the residualsourceportfolio due to the
diversi cationturn-dovn causedy takingaway a pool of diversifyingassetssee[13], page256-
258. Obviously, if the volume of the securitizedpool is 'small' comparedo the volume of the
sourceportfolio, suchneggative impacthasa chanceto be negligible.

Moti vation for Monte Carlo simulation tools

Besidesothers,all of the abore mentionedaspecthave to be taken into accountby originating

banks.Withouttailor-mademathematicaloolsfor evaluatingthe plannedCLO in away consistent
with the bank's internalportfolio modelit is impossibleto drav a completepictureof the impact

of asecuritizatiortransactionOf course for CDO investorghe sameprincipleshold.

3 CDOsfrom a quantitati ve perspective

In thissectionwe brie y indicatehow CDO evaluationis donein generaby meansf MonteCarlo
simulations.Thegenerabpicturewe have in mindis givenin Figure4.

Ontheleft sideof a CDO therewill be alwayssomepool of creditrisky instrumentse.g.,loans,
bonds,creditderivatives(e.g.,CDS),ABS notes,or evena combinationof differentassetlasses.
We refer (andreferredin Section2) to this partof a CDO asthe assesideof the structure.Onthe
right sideof a CDO we typically have securitiegssuedn the capitalmarket. For obviousreasons
we call this part of the CDO the liability sideof the transaction.The two sidesof the CDO are
connectedhroughthestructuralde nition of thetransactionTypically thestructures represented
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by meansf atermsheetanindenture anoffering circularor whatever documentatiotheinvestor
recevesfrom the originator/arranger

Now, the key to a basicunderstandingf CDO modelingis the trivial factthatthe only! reason
for uncertaintyregardingthe performanceof the securitieson the liability side of the structure
is the uncertaintyregardingthe performanceof the underlyingassetpool. In otherwords, if we

would be ableto predictthe economicfuture of the underlyingassetsvith certainty we would -

just by applying the structuralde nitions (cash o ws, etc.) - alsobe ableto exactly predictthe

performancef securitieontheliability sideof thetransaction.

Mathematicallyspeaking(seeFigure4), the assetsideinducesa probability spacecapturingthe
randomnessf the underlyingassets.The cash o w structureof the transactioruniquelyde nes
a mappingX on this probability space transformingassetscenariosnto liability scenarios.A

liability scenariocanbe thoughtof asa vectorwhosecomponentsncludeall kinds of numbers
relevantfor describingthe performanceof issuedsecuritiese.g.,tranchelossescoupons|RRs,

etc.;seg[13], Section8.3.

3.1 Modeling the assetsideof a CDO

The probability spaceunderlyingthe assesideof atransactiorcanbe constructedy meansof a
creditportfolio model. Therearevariouswaysto implementa creditrisk modelsuitablefor CDO
evaluation.In this paperwe restrictourselesto a "correlateddefault times' model;seeSectiond4
for anintroductionto the mathematic®f defaulttimes.

Thebasicideaof how to evaluatea CDO by meansof defaulttimesis asfollows. An assescenario
in adefaulttimesmodelbasicallyconsistf avector( 1;:::; m) of defaulttimesfor aportfolio of,
say m obligorsin the assepool underlyingthe CDO. Therandomlydravn numbers ; represent

Lif theassepoolis managegthe performancef the assemanageis anothersourceof uncertainty
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thetime until obligori defaults. Basedon an assetscenariocash o ws canbe transformednto
default-times-adjustedash o ws. Figure5 illustratesthe cash o w transformatiorby meansof a
bond. Until the defaulttime which dependson the creditquality of the obligor, all cash o ws
arein placeasscheduled.But at the time of default, cash o ws dry-out and the bondinvestor
recevessomerecovery amount.Notethatin reality mostoftentherewill be somedelayuntil the
nal settlement/erk-outof thedefaultedassetln derivative transactionshetime until settlement
mostoftenfollows anISDA masteragreement.

cash flow profile of a bond (fixed coupon):

R :.I | I I N N NN A N Y N R B — >
time
semiannually

rating

maturity

cash flow profile of the bond w.r.t. default timing:

"time
T semiannually
recovery

Figure5: Transformatiorof cash o ws by defaulttimes

In this way, cash o w CDOs,wherethe cashcollectedon the underlyingassetss distributedon
theliability sideof the structure canbe evaluated.For purely syntheticstructuregshe application
of defaulttimesis evenmorestraightforvard,becausét is primarily lossanddefault distributions
thatmatter More detailson defaulttimesfollow later.

3.2 Modeling the liability sideof a CDO

The modelingof the structureof a CDO itself is far from beingtrivial. Firstof all it involvesa
carefulstudy of the available documentationstartingfrom presalesandendingat a voluminous
offering memorandumit alsoinvolvesa carefulbalancebetweemmodelingthe “full range'of all

cash o w elementsandsimplifying structuralelementgor thebene t of abetterhandling.Taking
shortcutgegardingcash o w elementsanbe dangerouspf courseandhasto bedonewith great
care.To illustratethis, we give two examples.

Example 1: A harmlesssimpli cation

Assumethata CDO-SPVissuedranchesvhereonetrancheis split andissuedin two currencies,
e.g.,40%of thetrancheareEurodenominatedEuroLIBOR asreferencenterestrate)and60% of
thetrancheare SterlingdenominatedSterlingLIBOR referenced)Letssaythe underlyingassets
areall Sterlingdenominatedand (SterlingLIBOR) oating rate notes. Obviously thereis some
curreny mismatchinherentin the CDO which typically is hedgedoy meansof a basisswap and
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a currengy swap. The goodnews regardingthe CDO modelis thataslong asthe hedgesarein
place,thereis no needto modelthe randomnessinderlyingthe curreng risk. Insteadthe hedge
costscanjust be implementedas another(senior)deductionfrom availablefundsin the interest
waterfall of the CDO.

Example 2: A dangeroussimpli cation

A lessharmlessshortcutis the following situation. An investorconsidersbuying a mezzanine
trancheof acash o w CDO. In orderto cometo a quick decision theinvestoronly “tranches-up’
the lossdistribution of the underlyingpool (see4.4) in orderto getan estimateof the mezzanine
tranches default probability and expectedloss. Now, if the CDO is not just a “plain vanilla'
structurebut incorporatesomeredirectionof cash o ws basedon crediteventsin the assetpool
(which will be the casein almostall casesof cash o w deals),sucha "tranchedoss' approach
(ignoringcash o w triggersandwaterfll changes)s very lik ely to be quite misleading.For more
sophisticatedtructuresat leasta semi-analyticapproach(see4.5), or evenbetter a “full' Monte
Carlosimulationapproachs recommended.

4 CDO modelingtechniques

This sectionwill outline the basicsof correlateddefault times. As areferencedo researclpapers
following more or lessthe sameroute we mentionFINGER [20], L1 [26, 27] and SCHMIDT and
WARD [33].

Becausealefaulttimesdependnthe creditquality of the considereabligor, well-calibratedcredit

curvesarea main ‘ingredient'for constructingdefaulttimes. The derivation of suchcurvesis the
topic of thefollowing section.

4.1 Calibration of acredit curve

For reasonsf simplicity andto make the applicability clear we asssumen this sectionthatwe
have a setof ratingsR = AAA, AA, A, BBB, BB, B, CCC,D, whereAAA asalwaysdenoteghe
bestcreditquality, CCCrefersto theworstnon-deaultedcreditquality andD denoteshe default
state.lt is straightforvardto nd generalizationsf thefollowing resultsfor ner ratingscales.

It is bestpracticeto assigna uniquedefault probability (PD, in Baselll notation)to every obligor
ratingR. Tablel1 shovs anexampleof sucha PD-calibrationof ratings.

Rating 1-year PD
AAA 0.01%
AA 0.02%
A 0.08%
BBB 0.36%
BB 1.55%
B 6.75%
CCC 29.35%

Tablel1: One-yeaPDscalibratedo ratings

The aim of this sectionis to calibratea credit curve for eachof the 7 ratingsR, wherea credit
curvefor aratingR is amapping

t7! p® = P[R* Dintimet] (t 0; R 2 fAAA; AA; ::;;CCCQg);
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where™ ' denotesnigration.In otherwordS,IOgR) Is the probabilitythatanobligor with a current
ratingof R defaultswithin thenext t years.An examplefor probabilities
(AAA ). (AA). (CcC)

Pr P =5 P
fort = lisgivenin Tablel. We will alwayscounttimein years.

Thereare mary waysto do this. Here, we follow a well-known Markov chain approach(see
JARROW ET AL. [24], ISRAEL ET AL. [23], KREININ and SIDELNIKOVA [25]), basedon a one-
yearmigrationmatrix from Standard Poor's ([36], Table8, Pagel3). In practice the calibration
of credit curvesis not as straightforvard as exercisedhere. For example,internalinformation
on credit migrationsand default history will be a main sourceof datatakeninto accountfor the
calibrationof creditcurves. However, our purposehereis to demonstratéow sucha calibration
canbedonein principle. For our little exercise werely onratingageng data.

Ratingagenciesaannuallypublish discretecreditcurves(pER))m 2.3 basedon cohortsof histor
ically obsenred default frequencies{36] is an example. The problemwith historically obsered
cohortess thattheresultingmulti-yearPDshave atendeng to look kind of “saturatedatlonger
horizonsdueto lack-of-datgproblems.Comparingcorporatebonddefaultreportsfrom 5 yearsago
with reportsasof today onecertainlyrecognizes lot of improvementon the dataside. Curves
aresmootheranddo notimply zeroforward PDstoo early. Neverthelesghe dataquality is still
not satiskctoryenoughto rely on historic datawithout “'smoothing'by somesuitablemodel. The
following Markov chainapproachis an eleggantway to overcomethis problemandto generate
continuous-timereditcurves.

Let usnow startwith the adjustedaverageone-yeamigrationmatrix from S&P (see[36], Table
8, Pagel3). We overcomethe zerodefault obsenation problemfor AAA-ratings by replacingthe
default columnby the valuesfrom Tablel. In fact,the PDsin Table1 have beencalibratedoased
on alinearregressionon a log-scaleof the original default columnin the S&P-matrix. To assure
thatwe have a stochastidmigration)matrix, i.e.,row sumsequalto 1, we renormalizehe rows of

presentedn Table2. Next, we needthefollowing theorem.

AAA AA A BEB BB B CCC D

AAA

93.06%

6.28%

0.45%

0.14%

0.06%

0.00%

0.00%

0.01%

AA

0.59%

91.00%

7.59%

0.61%

0.06%

0.11%

0.02%

0.02%

0.05%

2.11%

91.43%

5.63%

0.47%

0.19%

0.04%

0.08%

BEB

0.03%

0.23%

4.44%

89.01%

4.70%

0.95%

0.28%

0.36%

0.04%

0.08%

0.44%

6.07%

82.70%

7.89%

1.22%

1.55%

0.00%

0.08%

0.29%

0.41%

5.33%

82.23%

4.91%

6.75%

CcCC

0.10%

0.00%

0.32%

0.65%

1.62%

10.30%

57.65%

29.35%

0.00%

0.00%

0.00%

0.00%

0.00%

0.00%

0.00%

100.00%

Table2: Modi ed S&P averageone-yeamigrationmatrix

for everyi, thenthelog-expansion

k=1

k

)k

X ( l)k+1 (M

.....

(n2 N)
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Pg _
1. .6 = Oforeveryi = 1;::1;8;
2. exp(Q) = M.

ThecorvergenceQ, ! Q is geometricallyfast.

Proof. SeelSRAEL ET AL. [23]. 2

Remark 1 Recallthatthe generatoiof a time-continuousMarkov chainis given by a so-called
Q-matrixQ = (g;j )1 ij s satisfyingthefollowing properties:

1. i j8=1 g; = Oforeveryi = 1;::;;8;
2.0 g <1 foreveryi= 1;::;8;
3.¢q Oforalli;j = 1::;8withi 6 j.
For somebackgroundn Markov chainswe referto thebookby NoRis [31].
Thefollowing theoremis a standardesultfrom Markov chaintheory:
Theorem 2 Thefollowing two propertiesareequivalentfor amatrixQ 2 R® 8:
Q satis esPropertiesl to 3in Remarkl.
exp(tQ) is astochastianatrix for everyt 0.

Proof. SeeNORIs [31], Theoren?2.1.2.2

Theoreml, Remarkl and Theorem2 opena nice way to constructcredit curves which are
compatiblewith Table 1 at the one-yearhorizon. We start by calculatingthe log-expansion
1. This canbe donewith a calculationprogramlik e Mathematicaor Méﬁab,but canaseasilyalso
beimplementedn Excel/VBA. Table3 shavs theresultingmatrix Q.

AAA AA A BEB BB B CCC D
AAA -7.22% 6.83% 0.20% 0.13% 0.06% -0.01% 0.00% 0.00%
AA 0.64% -9.55% 8.32% 0.42% 0.03% 0.11% 0.02% 0.01%
A 0.05% 2.31% -9.21% 6.23% 0.36% 0.17% 0.03% 0.06%
BEB 0.03% 0.20% 4.91% -11.99% 5.45% 0.83% 0.31% 0.26%
BB 0.04% 0.08% 0.31% 7.06% -19.51% 9.47% 1.38% 1.14%
B -0.01% 0.08% 0.30% 0.22% 6.42% -20.35% 7.07% 6.25%
CCC 0.14% -0.02% 0.39% 0.79% 1.81% 14.84% -55.69% 37.73%
D 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

Table3: Log-expansionof themodi ed S&P averageone-yeamigrationmatrix

Theoreml guaranteethat Q ful lls Propertyl of generatordistedin Remarkl. Condition2 is
alsonot hurtby @, but Condition3 is notful lled. However, thereareonly three blacksheep'in
Table3, namely

6hans = -1bps,
& .ana = -1bps,
8cc.an = -2bps.
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Only thesethreeentriesdisable@ from beinga generatomatrix. Becausdhesethreevaluesare
very smallnumberswe feel free to setthemequalto zeroanddecrease¢he diagonalelementsof

rows AAA, B andCCC by anamountcompensatindor theincreasedow sums,suchthatat the
endtherow sumsareequalto zeroagain.In [25] this proceduras calleda "diagonaladjustment'.

AAA

AA

A

CCC

D

AAA

-7.23%

6.83%

0.20%

0.13%

0.06%

0.00%

0.00%

0.00%

AA

0.64%

-9.55%

8.32%

0.42%

0.03%

0.11%

0.02%

0.01%

0.05%

2.31%

-9.21%

6.23%

0.36%

0.17%

0.03%

0.06%

BEB

0.03%

0.20%

4.91%

-11.99%

5.45%

0.83%

0.31%

0.26%

0.04%

0.08%

0.31%

7.06%

-19.51%

9.47%

1.38%

1.14%

0.00%

0.08%

0.30%

0.22%

6.42%

-20.35%

7.07%

6.25%

14.84%

-55.71%

37.73%

CCC 0.14% 0.00% 0.39% 0.79% 1.81%
D 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%

Table4: Approximategeneratoof themodi ed S&P averageone-yeammigrationmatrix

From Theoreml we know thatwe getbackthe original migrationmatrix M from Q by exp(Q).
But whataboutgettingM backfrom Q? Becausave manipulatedd in orderto arrive at a gen-
eratorQ, exp(Q) will not exactly equalM . Whatwe areinterestedn now is the error coming
from replacingM by exp(Q). Becausdahe manipulationwe did is neggligible, we alreadyexpect
theresultof the next proposition.

Proposition1l M hasanapproximaté&)-matrix representatioby Q. Theerroris
%

ﬁ X
KM  exp(Q)k, = (mj;

ihj =1

(exp(Q))ij )2  0:000224

andthereforenggligible. We cansafelywork with Q insteadof Q.

Proof. Justcalculatethedistance 2

In Markov chaintheorythe achieementof Q is calledan embeddingf thetime-discretéVlarkov
chainrepresentetdy M into a time-continuousVarkov chainrepresentedy its generatoior Q-
matrixQ. Of course purembeddingnly holdsin anapproximatenanner(seePropositionl), but
theerroris negligibly small. Probabilistsknow thatthe existenceof suchembeddingss far from
beingtrivial, andto someextentwe have beenvery lucky thatit worked so well with the S&P-
basedmigrationmatrix M . However, thereis morethanjust onetechniqueto nd approximate
generatorssee[24], [23] and[25].

We arebasicallydonenow with our creditcurves. Our efforts have beenrewardedby a generator
Q with exp(Q) = M, ignoringthe™ ' from now on. The creditcurvescanberead-of from the
collectionof matricegexp(tQ)): o by looking atthe default columns.More preciselywe obtain

R
Y = (@9irye

wherei(R) denotedhetransitionmatrix row correspondingo the givenratingR. For therestof
this paperwe will alwayswork with the creditcurvesjust constructedFigure6 shows a chartof
ourcreditcurvesfromt = Otot = 50years(quarterlyvalues).

The curvesin Figure6 aretypical. Creditcurvesassignedo subirvestmenigraderatingshave a
tendeng to slow-down their growth, becauseonditionalon having survived for sometime the
chancedor furthersurvival improve. For goodratingswe seethe oppositeeffect.
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Figure6: Calibratedcurves(p™); o

4.2 The distrib ution of single-namedefault times

If we believe thatour creditcurves(pER))t o arecorrectandreally give usthe cumulatve default
probabilitiesfor any givenratingR over ary time intenal [0; t], thereis oneandonly oneway to
de ne adefaulttime distribution for anR-ratedobligor.

Proposition2 Givena creditcurve (pER))t o for aratingR, thereexists a uniquedefault times
distribution for R -ratedobligors.

Proof. The proofis obvious: SetFg(t) = pER) fort 0. De ne arandomvariable (®) with
valuesin [0; 1 ) anddistribution functionF (r) by

Fe® = PL® 1] = Fr(®) = p: (1)
For example, (® = F_1(X) with X  U[0; 1] will dothejob. 2
Proposition2 showvs thatassoonasour creditcurve is establishedthereis just oneway to come
up with a default time for an obligor admitting sucha credit curve. In the sequel,we continue

to usethe notationfrom the proof of Proposition2. Basedon (1), the densityof the default time
distribution of R-ratedobligorscanbe obtainedoy calculatingthe derivative

f (R)(t) = %FR(t): (2)

Figure7 shavs thedefaulttime densitiesw.r.t. our creditcurves(p{™), o for R=AAA, R=AA and
R =A. For (singlename)default timeswe expectin generakhat

investmengraderatingshave a default expectatiorfarin thefuture,whereas
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default time density value
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Figure7: Defaulttime densitiesw.r.t. (pER))t o for R =AAA,AAA

subirvestmengraderatingscanbe expectedo defaultin the nearfuture.

We will illustrate this by calculatingthe expectationand standarddeviation of the default time
distributionscalibratedw.r.t. our creditcurves. Table5 reportson our calculationof the meanand
standarceviation of f (%,

A
E[ ®] = tf ®()dt and
0
2 ,
2
[ ®] = (t E[ PN w(t)dt "
0
in years AAA AA A BBB BB B CcCcC
mean 103 90 80 64 43 25 12
std.dev. 69 68 66 64 56 43 31
std.dev./mean 67% 75% 83% 99% 128% 174% 266%

Table5: Meanandstandardieviation of defaulttimesw.r.t. (pﬁR))t o (timein years)

The numbersshow thatif oneonly considersa singlecreditrisky assetjts expecteddefault time
typically is far away in the future. Even for the worst credit quality, CCC, the expectedtime
until defaultis 12 years.However, oneshouldnot forgetthatthe chanceshata CCC-ratedcredit
defaultswithin one yearare almost30%. This is possiblebecausalefault time distributionsare
quiteunsymmetriandheaily skewed.
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default time in years std.dev(dt) / mean(dt)
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Figure8: Dependencef defaulttimesstatisticson ratings

Figure 8 visualizesthe dependencef default timesmeansandstandardieviationson ratings. It
IS quite interestingto obsere thatin the considereccasemeanand standarddeviation coincide
exactly at the borderbetweennvestmentand subirnvestmentgraderatings,namelyin BBB. The
volatility of defaulttimesdecreasewith decreasingreditquality butincreased consideredela-
tiveto thecorrespondingxpecteddefaulttime.

This concludesour discussiorof single-namealefault times. In the next sectionwe areinterested
in defaulttimesfor awhole portfolio of credits.

4.3 Multi variate default timesdistrib utions

Let usnow assumehatwe look ata portfolio of m obligors.We usetheindex i to referto thei-th
obligor. Theratingassignedo anobligori will bedenotedoy R(i). Theresultsfrom Section4.2
imply maminal defaulttime distributionsfor our portfolio. We denotethe correspondinglensities
anddistribution functionsby

fl =f (R(L) 5 vevy fm =f (R(m)) and Fl =F ray; i Fm = F wrmy :

Thesearethe unique(mamginal) defaulttime distributionsmatchingour creditcurves,andbecause
we decidedo believein our creditcurveswe will x thesedistributionsfor therestof this section.
Whatwe neednow is amethodto combinegivenmaiginal distributionsto acommonmultivariate
distribution re ecting the dependenciebetweersingledefault times. And we arelucky: thereis
sucha conceptknown in the statisticsliteraturefor mary years,namelythe copulaapproach.In
fact, the conceptof copulasis mucholderthanthe history of internalcreditrisk models.Herein
thecontext of defaulttimesonereally nds agoodexamplefor ameaningfulapplicationof copula
functions.Theproblemwe startedwith atthebeginningof this sectionis a classicaimotivationfor
the developmenif copulas.Givenm maginal distributions,how canwe "bind' themtogetherto
areasonablenultivariatedistribution incorporatinghe dependencielsetweerthem components?
Copulasaretheanswer Thereforewe now brie y mentionsomekey facts.

De nition 1 A copula(function) is a multivariatedistribution (function) suchthat its mamginal
distributionsarestandardiniform. A commonnotationfor copulass

C:[O1]" ! [0;1);  (ug;ium) 70 C(ug;ium)

In our casem alwaysrefersto a numberof obligorsor creditrisky instruments.
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Thefollowing two theoremshawv thatcopulasoffer auniversaltool for constructingandstudying
multivariatedistributions.

Theorem 3 (SKLAR [34], [35]) For ary m-dimensionaldistribution function F with maminal
distributionsF; :::; Fr, thereexistsa copulafunctionC suchthat

F (X35 Xm) = C(Fu(Xa); 5 Fm(Xm)) (X1; 5 Xm 2 R):
Moreover, if the mamginal distributionsFq; :::; Fn, arecontinuousthenC is unique.
Sletch of Proof. De ne thefollowing functionon [0; 1],

C(ug;:sum) = F(Fy Yuy); Py tum)) (3)
Thenoneonly hasto verify thatC is acopularepresenting- , seealSONELSON [29]. 2

But moreis true. It is not only the casethatany multivariatedistribution hasa copularepresenta-
tion, but copulascanbe combinedwith givenmaiginal distributions.

Proposition 3 GivenacopulaC anddistribution functionsfF1; :::; Fr, onR, thefunction
F (X1 o5Xm) = C(Fi(Xa); i Fm(Xm)) (X125 Xm 2 R)
de nesa multivariatedistribution functionwith mamginal distributionsFq; :::; Fp,.

Proof. Theproofis straightforvard. 2

It is Propositior3 we canuseto construcimultivariatedefaulttime distributions. We alreadyfound
the true' maginaldistributionfunctionsF, ..., F, re ecting ourcreditcurves.Choosingacopula
functionC will yield amultivariatedefaulttimesdistribution

F(ty;tm) = C(Fu(ty); 5 Fm(tm)) 4)

for timesty;::;;ty 2 [0; 1 ). Sotheconceptof copulass a nicetool for constructingnultivariate
defaulttimesdistributions.Obviously the challengenow isto nd asuitablecopulabestmatching
themodelingproblemandthe underlyingdata.

Example: Gaussianand Student-t copulas
The mostcommonlyusedcopulain the contet of default timesis the Gaussiartopula,
Clug;:Um] = Fy [N H(ua); N H(um)] (5)

where N[ ] denotesthe standardnormal distribution function, N () denotesits inverseand
Fm: refersto the multivariate Gaussiandistribution function on R™ with correlation matrix

= (%)1 i m andzeromean. The parametem refersto the numberof obligorsin the con-
sideredportfolio. Gaussiarcopulasandtheir applicationto CDOs have beenstudiedin various
paperssee[20], [26], [33], justto mentiona few alreadyquotedresearctpapers.Onesafelycan
saythatwhenerer peoplearenot explicitly addressinghe problemof copulaselectionthey most
oftenrely ona Gaussiarcopula.

However, thereare mary alternatves. The non-Gaussiaopulaappliedmostoften de nitely is
the Student-tcopula,de ned by

Cluz;:Um] = Fagn) [Fymy (Un); 255 Fy (Um)] (6)
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whereF ..y denoteghe multivariatet-distribution functionwith n degreesof freedomand (lin-
ear)correlationmatrix 2 R™ ™, andFy, denoteshe t-distribution functionwith n degrees
of freedom. Note that the t(n; ) -distribution can be derived by choosinga Gaussianvector
Y = (Y55 Ym) Ndo; ) , a 2(n)-distributed randomvariable X , independendf Y , and
consideringheproduct n=XY , whichwill bet(n; ) -distributed.

Thereis awhole universeof copulasavailablein the stochasticditerature;seefor exampleEM-
BRECHTS ET AL. [17] andBOUYE ET AL. [15]. Makingthe ‘right' choiceof copulais far from
beingtrivial. In the next section,we brie y indicatewhatdifferencethe choiceof copulasmakes
to aCDO model;seealsoTable7 andFigurel2.

Copulaimpact on CDO performance: GaussianversusStudent-t

If the degreesof freedomare large enough,the differencebetweenGaussiarund t-copulaswill
vanishif they rely onthe samelinearcorrelationmatrix . Thisis dueto thefactthatfor largen
t(n) is approximatelynormal. Moreover, the multivariatet-distribution inheritsits linear correla-
tion from thecorrelationmatrix  of theinvolved Gaussiarvector

Y p
Corf n=XY;; n=XY,] = CorfY;;Y]]

usingthe samenotationasin the previous section. But if onedecreasethe degreesof freedom,
thet-copulawill shov moreandmoretail dependeng seeEMBRECHTS ET AL. [17], FREY and
McNEIL [18], and[13], pagesl06-112.Thisis graphicallyillustratedin Figure9. In thisexample,
thechoserlinearcorrelationequals¥= 0:4.

Gauss copula (df=co) normal marg. t-copula (df=3) normal marg.

Figure9: Increasingtail dependeng by decreasinghe degreesof freedom

For CDO modeling, this insight hasimportantconsequencesMore tail dependeng typically
meansa higherpotentialfor joint defaultswhich in turn implies higherstressfor seniortranches
in CDO transactionsln otherwords,changingthe copulausedfor our defaulttimesmodelmeans
changingthe economicsf differenttranchesn differentways; seeSection5. On onesidethis
obsenation shavs thatthe choiceof a particularcopulafunctioninducesa high modelrisk, but
on the othersideit providesa very usefultool for stresstestingdifferentCDO tranches.Stress
testingis a mustin CDO modelinganyway, becausemostoftenthereis a signi cant amountof
uncertaintyon the parametesideinvolved. It is very naturalto make copulasa partof the stress
testingprogramfor CDO trancheinvestments
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A remark on assetvalue modelsand default times

It is possibleto calibratea default timesmodelcompatiblein distribution with a one-periodasset
valuemodel(e.g.,period= oneyear)accordingto BLACK andSCHOLES [12] andMERTON [28];
see[20], [26], [33]. Thebasicideais asfollows. We startwith geometridBrownian motions

AD = AQexp( 3 At+ BP] (= Limmit2[0T) ")

wherethe Brownian motionsarecorrelatedandadmita correlationmatrix = (%), ij m con-
stantovertime. TheprocessefA,); o areinterpretedo give theassetalueof the corresponding
obligorsatary time. Assetvalueprocessesannot be obseredin the market, but canbeinferred
from equity processesseeCROSBIE [16], NICKEL ET AL. [30], and[13], 3.4. Thelink to default
risk is given by a latentvariablesapproachby meansof a Bernoulli mixture model,wherejoint
default probabilitiescan be written in the following generalform; seeJoe [21], FREY andMc
NEIL [18], and[13], 2.1.For 4;::; m 2 f0; 1g,
Z

PlLi= 1ilm= m] = p'Q p)t dF(pL i P):
o =
Here thecompleity of themodelis completelyhiddenin thedistributionfunctionF. Forexample,
F in its mostsimpleform is appliedin so-calleduniform portfolio models,whereall obligorsare
correlatedhe sameway, admittinga uniform default probability. In this case(seeFINGER [19],
VASICEK [37], and[13], 2.1.2),thedistribution functionF is givenby

YT %
whereN [ ] denoteghedistributionfunctionof thestandarahormaldistribution, %refersto theuni-

form assetcorrelationbetweernobligors,and PD denoteghe (one-periode.g.,oneyear)uniform
default probability of the portfolio. The probabilityfor k out of m defaultscanthenbewritten as

A

PLiv  +Lln=k= | oW @ gu)" “dN():

1

F=N g% gy =N (2 R); ®)

Notethatthefunctiong(y) from Formula(8) representshe "heart' of the Baselll benchmarkisk
weightsin the new capitalaccord.

Now x somehorizonT > 0. Comingbackto thegenerakaseof geometridBrownianassewvalue
processeghe Bernoullivariableindicatingdefault of obligori overtime T typically is de ned by

T

wheree(ri) denoteghe default-criticalthresholdfor obligori, the so-calleddefault point; see[16].
Thelink to our creditcurves (pi™); o from Section4.1is given by a calibrationof the default
pointe(r') in away re ecting the T -yearcumulatve default probability;

PL{Y = 1] = PAY &1 = pY (10)

Wherepg) = p(TR(i)). Basedon a simplereformulationof (7), we obtainthe distributionalequation

b = In(er’=Ag") pli 20T,

PL™ =11 = PB® ] with

(11)

—|
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whereB®  BM  N(0;1). Note that conceptuallyB () hasnothingbut the standarchormal
distribution in commonwith the valueB &') of the driving Brownian motion. The time-dynamics

of theunderlyingprocesss nottakeninto accountn this ™ x ed-horizon'approachHowever, due
toB(®  N(0; 1) andEquationg10) and(11) we canconcludethat

¥ = N () = N F(T) (12)
for the default point of obligor i, where(Fi(t)); o denoteshe creditcurve of thatobligor. The
second="in (10) additionally forces'thatatthehorizonT

PL”=1=p = P[; TI with  F (13)
whereF; denoteghedefaulttime distribution functionof obligori; seeSection4.2. We have

PLi Tl=PL"=1=PBY N 'F(T) = PF, *NBO) TI:
This motivatesthe current standardapproachto correlateddefault times,de ning

~=F YNBYD) (=1:5m)  where (BW;:;;BM)  N(0;) (14)

is multivariateGaussiarwith correlationmatrix ; see[20], [26], [13], 7.3. By constructionwe
have ~ i, $0(14) shovs away to de ne thedefaulttime of obligori asafunctionof avariable
in distribution equalto the(standardized@me-yealasselvalueIog-returnB5') of obligori. Natu-
rally, defaulttimesde ned accordingo Equation(14) will inheritthe dependencstructureof the
involvedone-periodassewaluemodel.

Summarizing,(14) yields correlateddefault times maminally matchinggiven credit curves and
inheritingthe dependencstructureof a givenone-periocassevaluemodel

Moreover, thecumulatve defaultdistributionupto time T arisingfrom thedefaulttimesapproach
andthedistribution of the portfolio defaultsarisingfrom a one-periodmoreprecisely the period
is thetimeintenal [0; T]) assewvaluemodelcoincide,

x X
L

i=1 i=1
for ary x edhorizonT. Notethatthis relationrefersto equalityin distribution only.

However, in orderto de ne correlateddefault timesin line with (14), it is not really necessary
to think in termsof anassetvalue model,becausehey simply canbe derved by combiningour
singledefault timesdistributionsfrom Sectiord.2 by meanf a Gaussiarcopula

More precisely combining(mamginal) default time distribution functionsF; :::; F,, by meansof a
Gaussiarcopulaaccordingo (5), we geta multivariatedefault timesdistribution function

F(ty;25tm) = Fm [N Y(Fe(t);on N Y(Fn ()]

For the correspondinglefaulttimes 1;:::; ., we derve atthefollowing equation,
Pl1 ton m tm]l = Foo [N YFu(t); N H(Fm (tm)]
= PX1 N YFi(t));:iiXm N H(Fm(tm))]

= PIFANX1D)  tyon Fpd(N[Xm])  tm]  where (Xg;i5Xm)  N(O;)
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Goingbackto (14)we nd that( 1;::5; m) (=55 ).

Altogetherthe deriation of default timesaccordingto (14) explainswhy maginal default time
distributionsare often combinedto a multivariatedefault timesdistribution by useof a Gaussian
copula. The reasonis that a one-periodassetvalue modelin the classicalsettingasintroduced
by MERTON matchesa defaulttimesmodelrelying on a Gaussiarcopula. However, in the same
way asotherprocessethanBrownian motionsareusedin optionpricing theorytoday otherthan
Gaussiarcopulasbecomeanoreandmorepopularfor default timesdistributions. Thedependence
structureof anon-normakssetaluemodelthencanbe carriedover to the defaulttimescopulain
ananalogousvay asexercisedor the Gaussiarcopulacasen (14).

Barrier diffusion modelsand rst passagdimes

In this sectionwe brie y wantto mentionotherapproache$o default timesby meansof barrier
modelsin orderto give thereadersomemotivationto investigateotherpromisingideasapplicable
to CDOanalysis A moredetailledexpositionanddiscussiorof theresultsindicatedin this section
canbefoundin [14].

For example,OVERBECK andScHMIDT [32] startwith (maginal) default time distributionsin a
similarway aswe did in 4.2 by writing

Pli<tl= F(t) (t 0;i=1::m): (15)

Hereby the distribution functionsF;(t) aregivenfrom externalsourcesg.g.,creditcurvesasin
Section4.1. Additionally they de ne the pairwisejoint default probabilities(JDP)w.r.t. a x ed
horizonT by

JDR, = P[i<T;;<T] (16)
Theproblemthey studyis thefollowing:

Problem1 GivenFy;::;Fn and(JDR )1 ij m, nd stochastiqrocesse§X ("), o andbarriers
() o,i = 1;::;m, suchthat

i = infft 0: Xt(i) c§”g;
where ; meanghedefaulttime of obligori satisfying(15) and(16).

Problem1 searchedor a rst passager hitting time matchingthe default time of obligorsad-
mitting a prescribedcredit curve and prescribeddefault event correlations because¢he JDPsare
directly relatedto default correlationsandvice versa;see[13], page$8-61.

Thekey ideaelaboratedn [32] for tacklingProbleml is to de ne atime scaletransformation’
for every asseindto transformcorrelatedBrownianmotions(B "), o,

x =8P, t 0i=1Lum)

thenappliedfor thede nition of rst passagémesw.r.t. barriers(cEi))t 0
~ = infft 0:x" g (17)

The processe¢X ), o are called ability-to-payprocesses.n [32], Propositiond, they de ne
a suitabletime scaletransformationTl; suchthat ~ coincideswith the defaulttime ; de ned by
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meanf theprescribedreditcurves(15). Theproofis basednthewell-known rst passagéme
distributionfor Brownianmotion. In asecondpartof thepaper([32], 4.2)it is shovn thatthetime
changedrownian motionscanbe calibratedw.r.t. given JDPs.Basedon a paperby ZHoU [38],

theJDPscanbedescribedn closedanalyticform asafunctionof thecorrelationof theunderlying
Brownianmotions.

Theresultsin [32] provide anintuitive way (time-transforming/Vienerprocessedp derive corre-
lateddefaulttimesby meanof abarrierdiffusionmodel.ln HuLL andWHITE [22], acomparable
analysiscanbe found. Regardingdefault barriermodelswe referto ALBANESE ET AL. [6] and
AVELLANEDA andZHu [8].

4.4 Analytic approximations

For sometransactionsanalyticor semi-analytiapproximationsanbe appliedin orderto speed-
up the evaluationof CDOs. Whetheranalyticshortcutscanbe appliedor not stronglydepend®n
the structureof thetransactiorandthe underlyingassepool.

Analytic derivation of expectedossand PD of a tranche

The mosttypical examplewherean analyticapproachs asgoodasary Monte-Carlosimulation
approactis the caseof a synthetic(balancesheetmotivated)transactiorfor the purposeof regu-
latory capitalrelief andrisk transfey referencedo a large homogeneoupool of referenceassets,
e.g.,alarge portfolio of retail loansor a highly diversi ed portfolio of SMEs. More precisely for
the sequeblve consider(asanexample)a structuresatisfyingthefollowing conditions:

1. Theunderlyingreferencepoolis highly diversi ed andcanbe (approximatelyyepresented
by a uniform referenceportfolio with in nite granularity

2. Amortizationof notesontheliability sidefollowssequentiallyfop-daovnin decreasingrder
of seniority(highestsenioritytrancherst, seconcighestsenioritytranchenext, andsoon).

3. Lossesarewritten-off sequentiallypottom-upin increasingprderof seniority(equitytranche
bearghe rst loss, rst junior piecebearsthesecondoss,andsoon).

4. CDO notesarereferencedo the underlyingpool of assetge.qg., by credit linked notes).
Interestpaymentson noteswill be paidby the originatorin anamountof

Interest(Tanche)= Volume(Tranche) [LIBOR + Spread(Tfanche): (18)

Besidedosswrite-offs (bottom-up;seeCondition3), no otherrandomeventstriggerrepay-
mentsor interestpayments.

Condition4 impliesthatadefaultoninterestpaymenbbligationscanonly happerif the originator
defaultsonits nancial/contractualobligation,becausehe promisemadeto notesinvestorsis to
payinterestaccordingo (18)unconditionally However, dueto losswrite-offs, the nominalamount
of interestpaymentandecreas# atranchesvolumedecreaseasaconsequencef losses.

For the sequelwe assumewithout loss of generalitya x ed LGD of 100% By scalinganda
substitutionin the respectre formulas,ary x ed LGD canbe implementedyeplacingary gross
lossL by arealizednetlossL  LGD. As anothersimplifying condition, we assumehat the
assetpool is static(non-managedandhasa bullet exposurepro le until maturity However, by
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"WAL-adjustments (WAL standsfor weightedaveragelife) the resultsof this sectionalsoapply
to amortizingassepools.

For transactionssthe one describedabove, the risk of tranchescan be quanti ed by a closed-
form analyticapproach.Condition 1 allows to replacethe original referencepool by a uniform
or homogeneougortfolio with in nite granularityadmitting a uniform credit curve (p;); o as
calibratedn Sectiord.1andauniformassetorrelation% Let usassumehattheconsideredCDO
maturesattime T. Then,thecumulatvelossL atthehorizonT is givenby (cp. (8))

(o) Poar
IU) -
1 %

The derivation of this representatioms well-known, dueto VASICEK [37], and canbe foundin

a more generalsetting,e.g.,in [13], pages87-94. The expressionon the right sidein equation
(19)is thelossvariableof a portfolio with in nitely mary obligors(limit case)whereall obligors
have a PD of pr and are pairwise correlatedwith an assetcorrelation% The variableY has
an interpretationas a macro-economidactordriving the loss of the portfolio. Becausey(T;Y)

correspondso aportfolio of in nitely mary assetsidiosyncraticisk hasbeencompletelyremoved
by diversi cation, sothattherandomnessf Y is the solesourceof the riskynessof the portfolio

lossp(T;Y).

In thesequele will exploit theabsolutecontinuityof p(T; Y) by relying onits density

hN 1
L =p(T;Y) =N

where 'Y N(O;1): (19

r—
se€13], page91. By constructionwe getbackthecreditcurve (p;): o by calculatingexpectations,
2 h P g Z
N Yp) "%
po= BV = NP N = 0dx
1 0

assuminghatthe severity of lossequalsl00%in caseof defaults.
Now, ary tranchingconsistingof g trancheson the liability side of the CDO canbe written asa
partitionof [0; 1) in thefollowing way,
i = [ i) (=159 0= 1< 2< < g = 1)

Herebywe assuméossedo benormalized(in percentagefo theunit interval (0 = noloss,1 = full
lossof the portfolio's total notionalamount).Giventhe simplecash o w structureassumedt the
beginningof this section thelossL; of tranche ; is givenby

Li = (L) = min[max(0;L i); i+l il (i=1:509 (21)
whereL representshe portfolio lossattime T,L = p(T;Y).

Proposition4 Fora CDO with maturityT satisfyingthe conditionslisted atthe beginning of this
sectionthe expectedossof tranche i, normalizedto thetranchesize,canbe calculatecby
1 2
E[Li] = i i (X)f pr oA X) dX

i
0

where ; isthefunctionde nedin (21)andj ij= i+ i
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Figurel0: Losspro le functionof aCDO tranche

Proof. Theassertiorof the propositionis obvious. 2

Proposition4 offers a closed-formexpressionfor the expectedloss of a tranche,illustrated by
Figurel0. Thehitting probability of tranchesalsocanbeexpressedn closedform.

Proposition5 Underthestatedconditionstheprobability ; thattranche ; is hit by alossequals
h [
— 1 1 p 1 o 1
=1 Npy N() 1 % N pr)
Remembethat ; denoteghelowerboundaryof tranche ;.

Proof. Firstof all notethatwe have

h 1\ P+, 1 i
N X)) 1 % N
Plp(T;Y) x] =P Y () P 5% (pr)

for all x 2 [0; 1]accordingto (19). TakingY  N(O; 1) into accountandconsidering
i = P[p(T;Y)> 1 =1 P[p(T;Y) il
the proof of the propositionfollows. 2 .

Propositiorb offersawayto calculatehePD of aCDOtrancheandPropositiord helpscalculating
its expectedoss(EL). Then,thelossgivendefault (LGD) canbede ned andcalculatedoy
E[L;
LGD; = ElLi] (22)

for any tranche i, i = 1;:::;g. In thisway, thethreemaincomponent®f basicrisk analysigPD,
EL andLGD) arefully speci ed. Anotherinterestingapplicationof Propositiorb is thederivation
of amodel-basednplied ratingof a CDO tranche.
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An illustrati ve example

We concludethis sectionby anexampleapplyingtheresultsjust derived. Let usconsidera CLO
satisfyingthe assumptionstatedat the beginning of Section4.4. The assumedranchingof the
CLO isreportedn Figurell. Thematurity of the CLO isin 10years,countedrom todayon.

Equity Junior Mezzanine Senior Super Senior
Volume 2% 1% 4% 8% 85%

12

10 ~ N

o
o F
(&

_—
0 0.25 0.3 men
%(_/Ly_)k ~ -

Z 5 N 8 % .8

z £ o o S5

w 3 = 105} R

Figurell: Tranchingof a portfolio'slossdistribution

Let us assumethat the underlyingreferencepool (static, bullet pro le) canbe (approximately)
replacedoy auniform portfolio with aBBB-creditcurve (p); o, SeeFigure6, andauniformasset
correlation%= 20% For T = 10we thenobtainp; = 36bpsandpr = 9:8%. Thecumulatve
lossdistribution for pr, %andanassumedx ed LGD of 60% (i.e., anoverall recovery of 40%)is
plottedin Figure1l. Thecumulatve EL of the portfolio equalss.88%.

We now apply Propositionst and5 to our sampletransactiorandobtainTable6 asaresult. Here
aresomecomments:

1. Equity tranche: In the analyticapproachthe PD of the equity tranchetypically is 100%
becausehelossdistributionis absolutelycontinuousjmplying thatP[L = 0] = O.

2. Rule-of-thumb for LGDs: In generaltheLGD of atrancheis lower for thick tranchesand
higherfor thin tranches.To illustratethis, assumehata trancheconsistsof onepoint only,
say lower andupperboundariesequalsome 2 (0;1). Then,assoonasa losshits the
tranche,it will completelybe wiped out the samemoment. Therefore,its LGD is 100%.
Now set = , keep asthelower boundaryof the tranche x ed, but increase asthe
upperboundaryof the tranche. The higher , thelongerit takesfor lossesto eatinto the
tranchebeforethey have consumeadll of thetranches capital. The LGD's rule-of-thumbis
re ected by theresultsin Table6.
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3. Super senior tranche: The cumulatve PD of the superseniortrancheequals6.15%. This
is very high for a superseniorswap anddueto theillustrative characteof the example.In
typical ‘reallife’ transactionsve consideredthe superseniorswap's PD never exceedeca
few basispoints.However, evenin our illustrative sampletranchingone obseresthat the
cumulatve 10-yearEL is quitelow, alsore ectedby thesmallLGD of thetranche A linear
annualizatiorof the EL wouldyield anannualEL of about3bps.

Volume cumul. PD cumul. EL LGD
Equity 2.00% 100.00% 90.73% 90.73%
Junior 1.00% 78.13% 71.69% 91.76%
Mezzanine 4.00% 65.48% 46.03% 70.30%
Senior 8.00% 30.58% 15.35% 50.20%
Super Senior 85.00% 6.15% 0.33% 5.37%

Table6: Resultof applyingPropositiongt and5 to our example

Obviously, the overall expectedossof the portfolio canbe obtainedoy calculating

X
Volume(Tranchg)

i=1

EL(Tranche);

Indeed,doing the calculationyields the portfolio's cumulatve EL of 5.88%. In otherwords,the
portfolio’'s EL hasbeenallocatedo CDO tranchesn an additive way asexpected.

4.5 Semi-analytictechniques

We now cometo a semi-analyti@pproachapplicableto a muchbroaderclassof transactionshan
the purelyanalyticapproactexplainedin the previoussection.Here,we

only make theassumptiorthatthe underlyingreferencepoolis highly diversi ed andcanbe
approximatelyrepresentetdy a synthetichomogeneoueeferencepool,

but allow for all kindsof cash o w elementsn thestructuralde nition of theCDO.

In suchcasesthe semi-analytidechniquds a powerful tool to quickly evaluatea CDO.

The approachworks asfollows. Insteadof consideringhe defaulttimes ; of singleobligors,we
considetthefractionof obligorswith adefaulttime within theconsideregpaymenperiod To make
thisprecisedenoteby ; thedefaulttime of obligori andby L (™ thecumulativelossfor aportfolio
of m obligorsover quarterlypaymentperiodsl; :::; T, whereT refersto the maturity of the CDO.
The exposureoutstandingon loani in period/quartej will be denotedby E;j . We assumehe
following naturalconditions,consideringanincreasinghumberof obligorsin the portfolio:

1. The exposuresin the portfolio do not increaseover time, i.e., Ej; 1
Laym,j=20;T,andm2 N,m™" 1.

Ei; foralli =

2. Thetotal exposureattimej,

(m) _
EM™ =
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cornvergesto alimit relative to the portfolio's startexposure,

E_(m)
im —

for every x edpaymenteriodj = 1;:::;;T. Dueto Condition1,w; 2 [0; 1].

3. With increasingnumberof obligors,thetotal exposureof the portfolio strictly increaseso
in nity for all x edpaymeniperiodsj, i.e.,Ej(m) "1 form" 1 foreveryj = 1;::;T.

4. With increasinghumberof obligors,exposureweightsshrinkvery rapidly,

b Emg 2<l

(m)
m=1 Ej

for every paymeniperiodj = 1;::;T.

Theseconditionsaresufcient but obviously not necessaryor establishinghe following results.
More relaxed conditionsareeasyto formulate.Herewe only illustratethe basicprinciple.

An examplefor exposuresatisfyingCondition2 is the caseof uniform amortizationpro les,

9 1=w; W, Ws wr O 8i;j::§i=wj: (23)
i;1
To give anexample this conditionis ful lled in collateralizedswapobligationswhereontheasset
sideprotectionis soldfor m singlereferencenamestypically in form of a 5-yearbullet pro le of
m (equalamount)CDSs,andon theliability sideprotectionis boughton the (diversi ed) pool of
CDSin form of tranchedsecuritieswvith a suitableleverageregardingspread®n volumes.In this
particularcasew; = 1forall j.

An examplefor exposuredul lling Conditions3 and4 is thecasenvheretheexposuresarecaptured
inabandO<a E; b<1 foralli;j. Then,wegetfor Condition3,

xn
i=1

andfor Condition4,
X Emj 2 ) _ X 1

(m) 202 o2 2
m=1 Ej m=1 m-a a m=1 m

Conditions1-4 arenotreally restrictve andwill besatis edin mostcases.
We x Conditionsl-4 for therestof this section. Assumingfor amomentan LGD of 100%and
zerocollateral,the percentageumulatve lossfor anm-obligor portfolio is
E. xn
Lm = ox ™y owith X™ =" wV1; 1444 (24)

(m) “7J
=1 El i=1
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Wherewi(;jm) denoteghe exposureweightfor obligori in paymentperiodj ,

wm = Eii
ij (m)
E

Notethatherewe write "4 ' insteadof = ' becausave considemuarterlypaymentperiodsw.r.t. a
timevariablet countingin years.A generalizationo otherpaymenfrequenciess straightforvard.
Conditions3 and4 in theabove list areessentially cloned' from [13], Assumption2.5.2,in order
to establisiProposition7. But before we needto state

Proposition6 For ahomogeneouportfolio with acreditcurve(p,): o andauniformassetorre-
lation % the probability that obligori defaultsin the time period[s;t) with s < t conditionalon
Y = y isgivenby

) hN 1
P[S i<tJY_y]_N I“’l % I“"l—(%)

Proof. From Equation(19) we conclude

. th
P[i<tJY:y]=N Iul—O/O

Thisimmediatelyimpliesthe assertiorof the proposition.2

Proposition 7 Under the conditionsof this section,for a homogeneougortfolio with a credit
curve(p): o anduniform assetorrelatior®owe obtain
h h o N p) Povi BN ips) Poevii
P lim x™ N i N L
J 1 % 1 %

m!l

whereY N (0; 1). Recallthatin this sectionwe considemruarterlypaymenieriods.

Proof. Theproofis astraightforvard modi cation of theagumentprovidedin [13], pages38-89,
but for the corvenienceof the readerwe provide the agument. The usual trick' to prove such
resultsis to conditionon thefactorY. We write P, = P[ jY =y] for the conditionalprobability
measureskixy 2 R. Then,therandomvariables

Zij = Eijlj 14,49 E[Eijlyj 14,49])Y] (i=2%:m; ) =21:5T)

arei.i.d. w.r.t. Py andcentered.‘l’hesequencéEj(k))kﬂ;2;;;; is strictly increasingo in nity dueto
Condition3forarny j = 1;:::;T. Moreover,

X9 X9
E[ZIE,J]

T y EZ.- = 4>4
k=1 (EJ )2

| —_
k Kij k
1 (Ej( ))2 -1 Ej( )
dueto Condition4. Thena versionof the stronglaw of large numbersbasedon Kronecler's
Lemma(see.e.g.,[9]) impliesthat
1 X

im £ Zi; = 0  Py-almostsurely
i is

30



Fromthis we conludefor everyy 2 R
P[ lim x™ EX™jYD=0jYy=y] =1L

Then,to prove almostsurecorvergences straightforward by writing
PLIm (X{™  EX[™jY])=0] =

Z
= PLlim (X[ EX™jY])=0jY=yldN(y) = 1

Proposition6 impliesthatthe conditionalexpectatiorE[X (™ j Y] for Y = y equals

EX;7 1Y =yl = —  EiuEllj 1444l Y=Y]=
Ef iz
h. i N p) Poyi N Ypy) Powyi
n 4 N N4 .

j 1 j .
Pl = <lijvy=y =N
4 STy T % T %

This completeghe proof of the proposition.2

Note that the idea underlyingthe proof of Proposition7 doesnot rely on Y N(0;1). The
sameargumentcould be usedto establishan analogousorvergenceresultfor otherthannormal
distributions.We now cometo the nal resultof this section.
Corollary 1 Underthe conditionsstatedn this sectionwe have
h X [
P lim LM wig(Y) =0 = 1

m!l .
j=1

wherethefunctionsg; ( ) arede nedonR by

hN H(p) P oyl N i(ps) P oyl
n-4 N n4 .
"1 % "1 %

Thenumbersw; referto thelimit exposureweightsfrom Condition2.

g(y) = N

Proof. Theassertiorfollows from the previoustwo propositionsandCondition2. 2

The semi-analytidechniquecanbefurtherdevelopedandre ned in practicein severaldirections,
for example,stochasticecoreriescouldbeimplementednto theframewvork quiteeasily;see[13],
pagesB6-89,for anapproactfor a single-periodnodel,which canbe extendedto a multi-period
approachn astraightforvardmanner

Froma CDO modelingpoint of view, thetool developedin this sectionis quite powerful, because
in contrastto the purely analyticapproachexplainedin Section4.4, the semi-analyticapproach
allows for the implementatiorof all relevant cash o w elementsg.g., redirectionof cash o ws
dueto realizedlossesor other triggers' affecting the performancef CDO notes.This e xibility
is a consequencef consideringevery single paymentperiod, suchthatall the specialtiesof the
consideredvateriall canbeimplementedn anaccuratenanner

In the next sectionwe applythe semi-analytidechniqueto anillustrative sampletransaction.
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5 Further examplesand applications

We concludethis paperby two examples.Here,we keepthe examplesassimpleaspossibleand
do not exercisethe modelingof somecomplicatedstructure. More sophisticatedexamplesand
illustrationscanbefoundin [14].

An exampleof an evaluation of a collateralized swap obligation

The rst exampleis a plain-vanilla collateralizedswap obligation (CSO) with 5 tranches. The
transactions assumedo work asfollows:

The issuersells protectionby meansof 80 single credit default swaps(CDS) with a total
swap volumeof 800 million EUR (10 million swapvolumeon eachof the 80 names).This
constituteghe assesideof thetransaction.

Theissueralsobuysprotectiononthe800million creditvolumehenow is exposedo. This
builds-uptheliability sideof thestructure.

For buying protectionthevehicleissues credit-linkednotes(CLNs), namelyclassA, class
B, classC andequity. The total volume of notesissuedin the capital market equals100
million EUR (12.5%o0n the swap volume of 800 million). The cashrecevedfrom issuing
the CLNsis investedn anaccouniof risk-free(cash-equialent)collateral.

For the upper87.5% (700 million), the issuersentersinto a superseniorswap agreement
with anOECDbankin orderto buy protectionagainstail events.

In caseof a default in the CDS pool, the realizedloss is paid on the protectionselling
agreemeny liquidatingcollateralandusingthe proceedso make the contingenpayments.
If lossesxceedthe100million fundedvolume thesuperseniorswapcounterpartyill have
to payfor theresiduallossesot alreadycoveredby the availablecollateral.On the liability
side,losseseatinto the tranchesbottom-up'in a way thatthe total fundedvolumealways
matcheghe amountin therisk-freecollateralaccount.Recoreredamountsarere ectedon
theliability sideby a ‘top-dovn' deleveragingof the outstandingswapvolume.

The averagerating of the CDS pool is a BBB+, the averagePD equals20bps,the assumed
recoveryis 34%andthetransactiormaturesn 5 years.

We now calculatefor thistransactiorthe PD, EL andLGD. Table7 shavs theresultof the Monte
Carlo simulation. For the calculation,we useda correlateddefault times approachbasedon a
normalcopulaaswell asat-copulawith

anaverageassetorrelationof 20% (linearcorrelation)in bothcasesand
5 degreesof freedomin thet-copulacase;

seeSection4.3 asa referencedor copulasanddefault times. Figure 12 illustratesthe impactof a
copulachangetheresultcouldalreadybe guessedrom theearlierpresentedrigure9.

Becausehet-copulagenerates muchstrongertail dependeng (seeFigure9) for thejoint distri-
bution of maginal defaulttimes(calibratedrom our creditcurvesfrom Sectiord.1),joint defaults
occurmoreoftenin thet-copulathanin the Gaussiartopulacase.
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Equity Class C Class B Class A Super Senior
Vol. [USD] 36,000,000 16,000,000 18,000,000 30,000,000 700,000,000
Vol. [%] 4.50% 2.00% 2.25% 3.75% 87.5%
Rating NR BBB A AA AAA
Maturity Sep 2008 Sep 2008 Sep 2008 Sep 2008 Sep 2008
Spreads 0.00% 4.00% 2.00% 0.40% 0.15%
Normal Copula
EDF (cumul.) 58.55% 6.29% 2.13% 1.11% 0.23%
EL (cumul.) [%] 25.63% 417% 1.62% 0.55% 0.01%
EL (cumul.) EUR] 9,226,290 667,100 291,870 164,170 50,570
LGD 43.77% 66.29% 76.27% 49.39% 3.09%
T-Copula

EDF (cumul.) 39.64% 8.43% 4.70% 3.39% 1.62%
EL (cumul.) [%] 19.90% 6.68% 4.07% 2.35% 0.12%
EL (cumul.) EUR] 7,165,480 1,069,370 732,760 705,210 813,370
LGD 50.21% 79.30% 86.54% 69.30% 7.15%

Table7: A sampleCSO(illustrative!)
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Figurel12: Graphicalillustrationof PDs(left) andELs (right) from Table7

Table7 andChart12 illustrate how the changefrom a Gaussiarto a t-copulawith suitablylow
degreesof freedomstresseseniortranchesand- at the sametime - implieskind of a risk relief
for the mostjunior tranche Thisis acomparableesultto thewell-known factthat,e.g.,assuming
zerocorrelationfor a rst-to-default basletis a conserative approachseeFigure14.

The higherthe correlationandtail dependeny the betterfor equity investorsand rst-to-default
takers. The lower the correlationandthe more independenthe occurrenceof joint defaults, the
highertherisk of takingthe rst lossof abasketor pool.

We concludeour exampleby modelingthe transactioralsoby meansof the (semi-)analytié ap-
proach.Herebywe rely on a Gaussiartopula,but othercopulascanbeimplementecdeasily Table
8 shawstheresult.

2Goingbackto Corollary1, we seethatif w; = 18j thenthesemi-analyti@pproactandtheanalyticapproactare
essentiallythe samefor a x edhorizonT . Thedifferencebetweeranalyticandsemi-analyti@pproachem this case
is thatthe "telescopesum' representationf the cumulative lossaccordingto Corollary 1 allows for all kinds of cash
o w adjustmentsn every single paymentperiod. Obviously, if the pool's exposurepro le is not of bullet-typebut
follows a certainamortizationschedulethenthe semi-analyticapproactandthe analyticapproactdiverge,although
in somecasesa suitableWAL-adjustmentof theanalyticapproachhassomechanceo yield goodapproximations.
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Equity

Class C

Class B

Class A

SSS

PD

100.00%

5.56%

2.32%

0.96%

0.25%

EL

26.98%

3.68%

1.53%

0.52%

0.01%

Herearesomecommentontheresult:

ThePD for equityequalsl00%,re ecting the absolutecontinuity of theanalyticlossdistri-
bution. We alreadydiscussedhis phenomenoin theillustrative examplein Sectior4.4.

The differenceswe seeare essentiallydue to the differenceof a simulationof 80 non-
homogeneousingle default times comparedto a (semi-)analyticapproachbasedon the
assumptiorof anin nitely granularandhomogeneoupool of assetsHowever, if we would
increasehenumberof assetandtake carethatthenamesaunderlyingthe CDSscanbemod-
eledby applicationof a uniform PD anda uniform correlation thenthetwo results(Table7

and8) would convergetowardsa commonrisk pro le of tranches.

In [14] we alsoconsiderpricing andreturnaspect®f a sampleCDO. In transactionsvhere,e.g.,
anexcessspreadedirectiontrigger (or, to mentionanotherexample,principalde ciency ledgers)

areimplementedthe semi-analytiapproactreally unfoldsits strengths.

Table8: Revisiting thetransactiorby meanf a semi-analyti@pproach

The importance of areasonablemodeling of the timing of defaults

In this sectionwe wantto make the point thatan accuratenodelingof the timing of defaultscan

be quiteessentialTo give anexample,we presenfigure13.

timing

example for a scenario involving a
substantial loss on notes (and equity)
but still with a comparably large
cumulative excess spread; typical
medium- to backloaded default

a full range of loss scenarios with
zero excess spread; in all of these
scenarios equity holder lost all of
their invested capital but were not
compensated by excess spread
payments; such scenarios refer to
a frontloaded default timing

cumulativelexcess spread

example for a scenario, where equity and classes C and B

B

A

loss on notes (classes A, B, C)

experience a 100 % loss and class A suffers a 75% loss

Figurel3: lllustration of theimportanceof an “accuratemodelingof defaulttiming
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The chartshavs a scatterplotof loss (x-axis) versuscumulatve excessspread(y-axis) paid to
equity investors.The underlyingtransactiorhasb tranches# fundedtrancheqequity, classe<C,
B, A) andanunfundedsuperseniortranche.Thelossaxisin Figurel3refersto lossescumulating
on classe<C, B andA. Basedon subordinationary losseatinginto classC implies that equity
investorsalreadylostall theirinvestedcapital. It is interestingto obsene thefollowing:

Therearescenariognvolving alargelossandnevertheless substantiallyhigh excessspread
cumulationto subordinatechote holders. Thereasorfor suchscenariogypically is amore
backloadediefaulttiming.

Thereare also scenariosvith a comparablysmall loss but neverthelessa nggligibly small
excessspreaccumulationto equityinvestors.Suchscenariogregeneratedby a morefront-
loadeddefaulttiming.

Thedensityof pointsdecreasewith increasingseniorityof tranchesThisre ectstheshape
of the lossdistribution of the underlyingassetpool. However, it is worthwhile to mention
that losseslocatedat the upperboundaryof the C-trancheadmit the whole spectrumof

excessspreadscenariostangingfrom zeroto almostmaximumexcessspreaccumulationto

equityholders.Mezzanindrancheseartherisk of thesecondossbut have no participation
in the excessspreadof the transaction.Thereforethey needan extra carefulevaluationand
risk/returnassessment.

Altogetherone clearly canseethat an accuratemodelingof default timing is essentiafor pric-
ing a CDO tranche. To give anotherexamplein this direction, Figure 14 shavs rst-to-default
distributionsfor thetransactiordescribedn Table7.

likelihood 1st-to-default distribution
6.00%
5.00% —— normal cop.
——t-copula
rho=0
4.00% —rho=0
AN

3.00%

2.00% /
M(zopula, df=5
- \C\\\\\

T
~— Yol (2] [s2] [N — Yo D
— N < 0 N~ [o¢] [

time

0.00%

y
[sp)
—
-

127 1
141

Figurel4: First-to-deaultdistributions

What we seehereis that a changeof copulaaswell asa changeof linear correlationchanges
the time dynamicsof default times. A typical applicationof default timing considerationsare
the tailor-made de nition of coverageratios in cash ow CDOs. The more precisean ar-
ranger/originatorcan predict the timing of defaults, the more target-orientedthe structuringof
thedealcanbedone.
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